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Abstract 

We study the theory of scattering for the Maxwell- Schrodinger system in 
space dimension 3, in the Coulomb gauge. In the special case of vanishing 
asymptotic magnetic field, we prove the existence of modified wave opera- 
tors for that system with no size restriction on the Schrodinger data and we 
determine the asymptotic behaviour in time of solutions in the range of the 
wave operators. The method consists in partially solving the Maxwell equa- 
tions for the potentials, substituting the result into the Schrodinger equation, 
which then becomes both nonlinear and nonlocal in time, and treating the 
latter by the method previously used for the Hartree equation and for the 
Wave-Schrodinger system. 
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1 Introduction 



This paper is devoted to the theory of scattering and more precisely to the exis- 
tence of modified wave operators for the Maxwell-Schrodinger (MS) system in 3 + 1 
dimensional space time. This system describes the evolution of a charged nonrela- 
tivistic quantum mechanical particle interacting with the (classical) electromagnetic 
field it generates. 

We write that system in Lorentz covariant notation : greek indices run from 
to 3, latin indices run from 1 to 3, indices are raised and lowered with the metric 
tensor g^ u = (1,-1,-1,-1) so that, for any vector field v = (f M ), v = v° and 
Vj = —v\ and we use the standard summation convention on repeated indices. The 
MS Lagrangian density can be written as 



C = -(1/2) F^ - Im u D u + (l/2)D jU D 3 u (1.1) 

where 

Ffiv = d^Ay - dvAp , D^ = d^ + i A^ 

and u and A^ are respectively a complex scalar valued and a real vector valued 
function defined in IR 3+1 . Here {Fqj} are the components of the electric field and 
{Fij} are the components of the magnetic field. The associated variational system 
is 

id u = (1/2) DjDiu + A u 

(1.2) 

d u F =7 
where the current density is given by 

J = \u\ 2 , Jj = — Im u Dju (1.3) 

and satisfies the local conservation condition d^J^ = 0. Formally the L 2 -norm is 
conserved as well as the energy 



E(u, A) = Jdx | (1/2) Fl + £ \D jU \ 2 j + A \u\ 



(1.4) 



The system ( p~72|) is gauge invariant and we shall study it in the Coulomb gauge 
which experience shows to be the most convenient one for the purpose of analysis. 



The MS system (|1.2| ) in IR 3+1 is known to be locally well posed in sufficiently 



regular spaces in the Lorentz gauge d^A^ = [[L4l and to have global weak solutions 
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in the energy space in various gauges including the Lorentz and Coulomb gauges 
0. However that system is so far not known to be globally well posed in any space 
whatever the gauge is. 

A large amount of work has been devoted to the theory of scattering for nonlinear 
equations and systems centering on the Schrodinger equation, in particular for non- 
linear Schrodinger (NLS) equations, Hartree equations, Klein-Gordon-Schrodinger 
(KGS) systems, Wave-Schrodinger (WS) systems and Maxwell- Schrodinger (MS) 
systems. As in the case of the linear Schrodinger equation, one must distinguish the 
short range case from the long range case. In the former case, ordinary wave op- 
erators are expected and in a number of cases proved to exist, describing solutions 
where the Schrodinger function behaves asymptotically like a solution of the free 
Schrodinger equation. In the latter case, ordinary wave operators do not exist and 
have to be replaced by modified wave operators including a suitable phase in their 
definition. In that respect, the MS system (|1.2|) in IR 3+1 belongs to the borderline 
(Coulomb) long range case, because of the i _1 decay in L°° norm of solutions of the 
wave equation. Such is the case also for the Hartree equation with potential, 
for the WS system in IR 3+1 and for the KGS system in IR 2+1 . 

Whereas a well developed theory of long range scattering exists for the linear 
Schrodinger equation (see |l| for a recent treatment and for an extensive bibliogra- 
phy), there exist only few results on nonlinear long range scattering. The existence 
of modified wave operators in the borderline Coulomb case has been proved first 
for the NLS equation in space dimension n = 1 JT7|, then for the NLS equation in 



dimensions n = 2, 3 and for the Hartree equation in dimension n > 2 |, for the 
derivative NLS equation in dimension n = 1 pi, for the KGS system in dimension 



2 |TB[ and for the MS system in dimension 3 [|T^] . All those results are restricted to 
the case of small data. In the case of arbitrarily large data, the existence of modified 
wave operators has been proved for a family of Hartree type equations with general 
(not only Coulomb) long range interactions f||] @] || by a method inspired by a 
previous series of papers by Hayashi et al |§ || on the Hartree equation. Part of 
the results have been improved as regards regularity Jl5| Jl6|] . Finally the existence 
of modified wave operators without any size restriction on the data has been proved 
for the WS system in dimension n = 3 0, by an extension of the method of 

The present paper is devoted to the extension of the results of to the MS sys- 
tem in the Coulomb gauge, and in particular to the proof of the existence of modified 
wave operators for that system without any size restriction on the Schrodinger data, 
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in the special case of vanishing asymptotic magnetic field, namely in the special case 
where the asymptotic state for the vector potential is zero. The method consists in 
replacing the Maxwell equation for the vector potential by the associated integral 
equation and substituting the latter into the Schrodinger equation, thereby obtain- 
ing a new Schrodinger equation which is both nonlinear and nonlocal in time. The 
latter is then treated as in ||, namely u is expressed in terms of an amplitude w 
and a phase <p satisfying an auxiliary system similar to that introduced in |J . Wave 
operators are constructed first for that auxiliary system, and then used to construct 
modified wave operators for the original system (|1.2| ). The detailed construction is 
too complicated to allow for a more precise description at this stage, and will be 
described in heuristic terms in Section 2 below. 



The results of this paper improve over those of [|T9[ by the fact that we do not re- 
quire smallness conditions on the Schrodinger asymptotic data. On the other hand, 
in contrast with fll9fl , we restrict our attention to the case of vanishing asymptotic 
data for the vector potential in order to avoid the difficulties coming from the dif- 
ference of propagation properties of the Wave and Schrodinger equations that occur 
both in || and in |19| . In a subsequent paper we hope to extend the results of the 
present one to the general case. 

We now give a brief outline of the contents of this paper. A more detailed de- 
scription of the technical parts will be given at the end of Section 2. After collecting 
some notation and preliminary estimates in Section 3, we study the asymptotic dy- 
namics for the auxiliary system in Section 4 and we construct the wave operators 
for that system by solving the local Cauchy problem at infinity associated with it in 
Section 5, which contains the main technical results of this paper. We finally come 
back from the auxiliary system to the original one and construct the modified wave 
operators for the latter in Section 6, where the final result is stated in Proposition 
6.1. 

We conclude this section with some general notation which will be used freely 
throughout this paper. We denote by || ■ || r the norm in U = L r (IR 3 ) and we define 
6(r) = 3/2 — 3/r. For any interval I and any Banach space A, we denote by C(I, A) 
the space of strongly continuous functions from I to X and by L°°(I,X) (resp. 
L^ C (/,A)) the space of measurable essentially bounded (resp. locally essentially 
bounded) functions from J to A. For real numbers a and b, we use the notation 
a\/b = Max(a, b), and aAb = Min(a, b). In the estimates of solutions of the relevant 
equations, we shall use the letter C to denote constants, possibly different from an 
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estimate to the next, depending on various parameters, but not on the solutions 
themselves or on their initial data. We shall use the notation C{a\,a2,- • •) for 
estimating functions, also possibly different from an estimate to the next, depending 
in addition on suitable norms ai,a 2 ,-- - of the solutions or of their initial data. 
Additional notation will be given in Section 3. 

2 Heuristics and formal computations 

In this section, we discuss in heuristic terms the construction of the modifed 
wave operators for the MS system as it will be performed in this paper and we derive 
the equations needed for that purpose. 

We first recast the MS system in the Coulomb gauge djA> = in the form that 
will be used later on. We introduce the noncovariant notation 

d t = d , V = {<9,} , A = {A*} , J={P} 

so that 

{Dj} = V - iA , J = J(u, A) = Im w(V - iA)u 

and the Coulomb gauge condition becomes V • A = 0. With that notation, the MS 
system in the Coulomb gauge becomes 

idtu = — (1/2)(V — iA) 2 u + Aqu (2.1) 
A A) = -Jo (2.2) 
DA + V (d t A ) = J (2.3) 

where □ = df — A. We replace that system by a formally equivalent one in the 
following standard way. We solve Q2.2p for A as 



A = -A" 1 J = (4ir\x\)- L * \u\ 2 = g(u) (2.4) 

where * denotes the convolution in IR 3 , so that by the current conservation dt Jo + 
V- J = 0, 

dt A = A _1 V • J . (2.5) 
Substituting ( |2.4[ ) into ( |2.1| ) and ( |2.5| ) into ( |2.3|) , we obtain the new system 

id t u = -(1/2)(V- iAfu + g(u)u (2.6) 

UA = P. J = P Im u(V - iA)u (2.7) 
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where P = 1 — VA _1 V is the projector on divergence free vector fields. The system 
( |2.6|) Q2.71) is the starting point of our investigation. We want to address the problem 
of classifying the asymptotic behaviours in time of the solutions of the system ( |2.6|) 
( p.7| ) by relating them to a set of model functions V = {v = v(v+)} parametrized by 
some data v+ and with suitably chosen and preferably simple asymptotic behaviour 
in time. For each v 6 V, one tries to construct a solution (u, A) of the system ( |2.6|) 
( [2.7D defined at least in a neighborhood of infinity in time and such that (u,A)(t) 
behaves as v(t) when t — > oo in a suitable sense. We then define the wave operator 
as the map Q : v + — > (u, A) thereby obtained. A similar question can be asked for 
t — > — oo. We restrict our attention to positive time. The more standard definition 
of the wave operator is to define it as the map v + — > (u,A)(0), but what really 
matters is the solution (u, A) in the neighborhood of infinity in time, namely in 
some interval [T, oo). Continuing such a solution down to t = is a somewhat 
different question which we shall not touch here, especially since the MS system is 
not known to be globally well posed in any reasonable space. 

In the case of the MS system, which is long range, it is known that one cannot 
take for V the set of solutions of the linear problem underlying ( |2.6|) Q2.7|) , namely 

' id t u = -(1/2) Au 

(2.8) 

nA = o 

and one of the tasks that will be performed in this paper will be to construct a 
better set V of model asymptotic functions. The same situation prevails for long 
range Hartree equations and for the WS system and we refer to Sections 2 of Q| 
for more details on that point. 

Constructing the wave operators essentially amounts to solving the Cauchy prob- 
lem with infinite initial time. The system ( |2.6p ( |2.7| ) in this form is not well suited for 
that purpose, and we now perform a number of transformations leading to an aux- 
iliary system for which that problem can be handled. We first replace the equation 
( [2.7D by the associated integral equation namely 

A = A™ + A 1 (u,A) (2.9) 

where 

A™ = K(t)A+ + K(t)A+ (2.10) 

Ai(u, A) = - J dt' K(t - t')PJ(u, A)(t') (2.11) 
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with 

uo = (-A) 1/2 , K(t) = to' 1 smut , K(t) = cos cut . 

In particular, A'jf is a solution of the free (vector valued) wave equation with initial 
data (A + , A + ) at t = 0, and (A + , A + ) is naturally interpreted as the asymptotic state 
for A. In order to ensure the condition V-A = 0, we assume that V-A + = V-A + = 0. 

We next perform the same change of variables as for the Hartree equation and 
for the WS system. That change of variables is well adapted to the study of the 
asymptotic behaviour in time. The unitary group 

U(t) = exp(i(t/2)A) (2.12) 

which solves the free Schrodinger equation can be written as 

U(t) = M(t) D(t) F M(t) (2.13) 

where M(t) is the operator of multiplication by the function 

M(t) =exp(ix 2 /2t) , (2.14) 

F is the Fourier transform and D(t) is the dilation operator 

(D(t) f)(x) = (itr n/2 f(*/t) (2.15) 

normalized to be unitary in L 2 . We shall also need the operator Do(t) defined by 

(D (t)f)(x) = f(x/t) . (2.16) 

We parametrize the Schrodinger function u in terms of an amplitude w and of a real 
phase ip as 

u(t) = M(t) D(t) exp[-itp(t)]w(t) . (2.17) 

Correspondingly we change the variable for the vector potential from A to B ac- 
cording to 

A(t) = r 1 D (t) B(t) (2.18) 

and similarly for A^ 3 and A\. 

We now perform the change of variables fl2.17|) ( p. 18 ) on the system ( [2.6|) ( |2.7|) . 
Substituting ( |2.17|) ( |2.18|) into ( p.6|) and commuting the Schrodinger operator with 
MD, we obtain 

[id t + (2t 2 )- 1 (V - iB) 2 + r x x ■ B-r 1 g(w)} (exp(-ip)w) = (2.19) 
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where g is defined by (|2.4j) . Expanding the derivatives, using the condition V--B = 
and introducing the notation s = Vy?, we rewrite ( |2.19|) as 



[id t + <9 t ^> + (2t 2 ) _1 A - it' 2 {{s + B) • V + (1/2)(V • s)) - (2t 2 )" 1 (s + B) 2 

+r x x-B-r 1 g(w)}w = . (2.20) 



We next turn to the Maxwell equation (|2.7|) . Substituting Q2.17 ) ( 2.18 ) into the 
definition of J, we obtain 

J{t) = r 3 D (t) [x\w\ 2 + T l Im mjVw - (s + B)\w\ 2 } 

= r 3 D (t)(M a + t~ l M b ) (2.21) 

where 

M a = x\w\ 2 , (2.22) 
M b = lmwVw - (s + B)\w\ 2 . (2.23) 

Using the identity 

rod 

- J dt' K(t - t')t'- 3 - j D (f) PM(t') = r 1_i D (t) Fj(M) (2.24) 
where Fj is defined by 

Fj (M) = / du w _1 8iB(a;(z/ - 1)) z/" 3 ^' D (z/) M(z/t) , (2.25) 



we rewrite ( |2.7[ ) as 

B = B^ + B 1 (2.26) 



with 



B 1 = B a + B b (2.27) 
5 a = S a (t«) = F (M a ) (2.28) 
B b = T 1 F 1 (M b ) . (2.29) 



This completes the change of variables for the system ( |2.6j ) (|2.7|) . Now however 
we have parametrized u in terms of an amplitude w and a phase ip and we have only 
one equation for the two functions (w, if). We arbitrarily impose a second equation, 
namely a Hamilton- Jacobi (or eikonal) equation for the phase (p, thereby splitting 
the equation ( |2.20| ) into a system of two equations, the other one of which being 
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a transport equation for the amplitude w. There is a large amount of freedom in 
the choice of the equation for the phase. The role of the phase is to cancel the long 
range terms in ( |2.20|) coming from the interaction. All the interaction terms in (|2.20|) 



having an explicit t~ 2 factor are expected to be short range and are therefore left in 
the equation for w. Such is also the case for the contribution of Bb to x ■ B because 
of the t^ 1 factor in ( |2.29| ). The term t~ 1 g(w) is clearly long range (of Hartree type), 



and is therefore included in the <p equation. The term t~ 1 (x ■ B a ) is also long range, 
but since it is less regular than the previous one, it is convenient to split x ■ B a into 
a short range and a long range part, namely 

x-B a = (x-B a ) s + (x-B a ) L (2.30) 

in the following way. We take < j3 < 1 and we define 

(x-B a ) s = F- 1 x(|el>^) F(x-B a ) 

(2.31) 

(x-B^^F- 1 *(|£|<0 F(x-B a ) 

where xi'P) is the characteristic function of the set where V holds. (In practice we 
shall need 0</5<l/2in most of the applications). Finally the contribution of B™ 
to B should be considered short range. The Hamilton- Jacobi equation for the phase 
is then taken to be 

dt<p = (2t 2 )~ 1 s 2 + t^giw) - r\x ■ B a ) L {w) . (2.32) 

We are now in a position to introduce the auxiliary system which will be used to 
study the MS system. From now on, we restrict our attention to the case = 0, 
namely to the case where the asymptotic state (A + ,A + ) for the vector potential is 
zero. This is the technical meaning of the expression "vanishing asymptotic magnetic 
field" used in the title and in the introduction of this paper. 

The equation for w is obtained by substituting ( |2.32| ) into ( |2.20| ). The resulting 



equation contains <p only through s = V<£>. The same property holds for the RHS of 
( |2.32| ) and for ( |2.26| )-( f2~2T| ). It is then convenient to replace ( |2.32| ) by its gradient 



so as to obtain a final system containing only s. The Maxwell equation now has 
B — Bi. Furthermore we shall regard ( |2.28| ) as the definition of B a as a function 
of w, we shall take B^ as the dynamical variable and we shall regard ( |2.27| ) (with 
B — Bi) as a change of variable from B to B^. The actual equation is then (|2.29| ) 
regarded as an equation for Bb- We finally introduce the notation 

Q(s, w) = s-Vw + (1/2)(V • s)w (2.33) 
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for the transport term. We then obtain the auxiliary system in the following form 



' d t w = i(2t 2 )- 1 A«; + t- 2 Q{s + B,w)- i(2t 2 y\2B ■ s + B 2 )w 

+U- 1 ((x ■ B a ) s + x-B b )w = L(w, s, B b )w (2.34) 

^ d tS = r 2 s ■ Vs + r 1 Vg(w) - r l V(x ■ B a ) L 



B h = r 1 F x (lm wVw - (s + B)\w\ 2 ) (2.35) 
with B = B a + B b and B a defined by (|2~28|) (g22l) (p^5|). The phase <p is regarded 



as a derived quantity to be recovered from ( |2.32| ). The linear operator L(w,s,B b ) 
is defined in an obvious way by ( |2.34| ). Its dependence on s, B b is explicit, while its 
dependence on w occurs through B a . Since B a and a fortiori x ■ B a contains xw, it 
will be useful to have an explicit evolution equation for xw. From ( |2.34j ) we obtain 
immediately 

d t xw = L(w, s, B b )xw — it~ 2 Vw — t~ 2 (s + B)w . (2.36) 



The Cauchy problem for the system (|2.34j) ( |2.35| ) with initial data (w,s)(t ) = 
(wo, so) for some time to is no longer a usual PDE Cauchy problem since B a depends 
on w nonlocally in time and since ( |2.35 ) is an integral equation in time. A convenient 
way to handle that difficulty is to replace that problem by a partly linearized version 
thereof, namely 

d t w' = L(w, s, B b )w' 



d tS ' = t~ 2 s ■ Vs' + t~ l Vg{w) - r 1 V(.x • B a ) L 
B' b = r 1 Fi (lm wVw - (s + B)\wf 



(2.37) 



(2.38) 



still with B = B a 
for xw' becomes 



B b and B a = B a {w). Correspondingly, the evolution equation 



d t xw' = L(w, s, B b )xw' - ir 2 Vw' - t~ 2 (s + B)w' . 



(2.39) 



Solving (|2.37 ) with suitable initial data for given (w, s, B b ), together with ( gggD , 
defines a map T : (w, s, B b ) — > (w', s', B' b ) and solving ( |2.34|) ( p.35|) reduces to finding 
a fixed point of T, which in favourable cases can be done for instance by contraction. 

The first problem that we shall consider is whether the auxiliary system (|2.34|) 
( |2.35| ) defines a dynamics for large time. This will be the subject of Section 4 below. 
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In particular we shall prove that the Cauchy problem for that system is locally well 
posed in a neighborhood of infinity in time, namely that ( |2.34|) (|2.35| ) with initial 



data (w, s)(t ) = (wq, sq) has a unique solution defined in [T, oo) for some T < to, 
with to and T suitably large depending on (w , sq), and with continuous dependence 
on the data. Those results will be obtained through the use of the linearized system 
( |2.37| ) ( pT38|) by following the method sketched above. In addition, we shall derive 



some asymptotic properties of the solutions thereby obtained. In particular, for 
those solutions, w(t) tends to a limit w + when t — > oo. 

The previous results are insufficient to construct the wave operators, namely 
to solve the Cauchy problem for ( |2.34j ) ( |2.35| ) with infinite initial time because (i) 
T — > oo when i — > 00 an d (ii) the solutions are not estimated uniformly in to, 
so that it is not possible to perform the limit to — > 00 in those results. In order 
to construct the wave operators, we follow instead the procedure explained at the 
beginning of this section. We choose an asymptotic function v and we look for 
solutions that behave asymptotically as v when t — > 00. The asymptotic v will be 
taken as a pair (W, S) with S = V0 and with W{t) tending to a limit w + as t — > 00. 
This will provide the asymptotic form of (w,s). No asymptotic form is needed 
for B b , because B b tends to zero at infinity. In order for (W, S) to be an adequate 
asymptotic function, it has to be an approximate solution of the system ( |2.34|) . This 
is achieved by solving that system approximately by iteration and taking for (W, S) 
an iterate of suitable order. In the present case, the first iteration turns out to be 
sufficient, and we shall take accordingly 

W(t) = U*(l/t)w + 

t (2-40) 
S{t) = dt' t'- 1 (Vg(W) - V(x ■ B a ) L {W)) 

for some given w + and for t > 1. Actually, at the cost of some loss of regularity, we 
could also make the simpler choice 



(2A1) 



W(t) = w + 

S(t) = J'dt' t'- 1 (Vg(w + ) - V(x ■ B a ) L (w + )) . 
The latter S(t) can be explicitly computed : 

S(t) = in t Vg(w + ) - in (t(uj V l)^' 3 V l) V(x • B a )(w+) (2.42) 
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where the second In is defined in an obvious way in Fourier transformed variables. 

In order to solve the system (|2.34j) (|2.35|) with (w, s) behaving asymptotically as 
a given (W, S) (possibly but not necessarily (|2.40|) ), we make a change of variables 
from (w, s) to (q, a) defined by 



(q,a) = (w,s)-(W,S) 



(2.43) 



Substituting ( |2.43|) into (|2.34j ) ( |2.35|) will yield a new auxiliary system for the vari- 
ables (q,a,B b ). For that purpose we introduce the following additional notation. 
We define 



g(wi,w 2 ) = (47r|x| ) * Re Wi w 2 
B a (wi,w 2 ) = F (x Re w x w 2 ) 



(2.44) 
(2.45) 



so that g{w) = g(w,w) and B a {w) = B a (w,w). We next define B* = B a {W) and 

G = G(q, W) = B a {w) - B* = B a (q, q + 2W) . (2.46) 

We finally define the remainders 

Ri(w, s, B b ) = —d t w + L(w, s, B b )w 

(2.47) 

k R 2 (w, s) = -d t s + t~ 2 s ■ Vs + t- x Vg{w) - t~ x V{x ■ B a ) L {w) 
R 3 (w,s,B b ) = -B b + t~ l Fi(Im wVw - (s + B)\w\ 2 ) (2.48) 



so that the system ( |2.34| ) ( |2.35| ) can be rewritten as Ri = 0, i = 1,2,3, and for 
general (w,s,B b ), the remainders measure its failure to satisfy that system. Using 
the previous notation, we can rewrite ( |2.34| ) ( |2.35[ ) in the new variables as follows 

' 8 t q = L(w, s, B b )q + r 2 Q(a + G + B b , W) 

-it~ 2 (B-cr + (G + B b )(S +(B + £*)/2)) W 

({x -G) s + x-B b )W + Ri{W, S, 0) = L(w, s, B b )q + R x (2.49) 
t a = t~ 2 (s-Va + a- VS) + t~ l Vg{q, q + 2W) - r 1 V(x ■ G) L 
+R 2 (W,S)=t- 2 s-Va + R 2 



B h 



t~ l F x {lm{wVq + qVW) - (s + B) (|g| 2 + 2Re qW) 
-(a + G + B b )\W\ 2 )+R 3 (W,S,0) = R 3 . 



(2.50) 
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For the same reason as above, we also need the evolution equation for xq. We define 
the linear operator L\ by rewriting the evolution equation for q in the form 



d t q = L(w, s, B b )q + LAW + R,(W, S, 0) . 



(2.51) 



The evolution equation for xq then becomes 

d t xq = L{w,s 1 B b )xq + LixW -ir 2 Vq-r 2 (s + B)q 
-r 2 (a + G + B b )W + xRx(W, S, 0) . 



(2.52) 



We shall also need to rewrite the partly linearized system (p . 3 7|) (|2.38|) in terms 
of the new variables (q, a) defined by (|2.43|) and (q', a') defined similarly by 



(q', a 1 ) = (w', s') - (W, S) . 

The system (|2.37|) (|2.38|) then becomes 

d t q' = L{w, s, B b )q' + R, 

d t a' = t- 2 s ■ Vtr' + R 2 



(2.53) 



(2.54) 



(2.55) 



where Ri, i = 1, 2, 3, are defined by (|2.49|) ( p.50| ), and the equation ( |2.39| ) becomes 
d t xq' 



L(w, s, B b )xq' + L x xW - it~ 2 Vq' - t~ 2 (s + B)q 
-t- 2 (a + G + B b )W + xR x (W, S, 0) . 



(2.56) 



The main technical result of this paper is the construction of solutions (q, a, B b ) 
of the auxiliary system (|2.49|) ( [2.50D defined for large time and tending to zero at 
infinity in time. That construction is performed by solving the Cauchy problem 
for the linearized system ( |2.54D ( [2.55D , first for finite intial time to, and then for 
infinite initial time by taking the limit t ^ oo. One then proves the existence of a 
fixed point for the map T : (q, a, B b ) — > (</, cr', B' b ) thereby defined by a contraction 
method, as mentioned above. With that result available, it is an easy matter to 
construct the modified wave operator Q for the MS system in the form (|2.6|) ( p.7|) . We 
start from the asymptotic state u + for u and we define w + = Fu + . The asymptotic 
state (A + , A + ) for A is taken to be zero. We define (W, S) by (|2.40| ). We solve the 
system ( |2.49| ) ( [2.50| ) for (q,a,B b ) as indicated above. Through ( p.43|) , this yields a 
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solution (w, s, Bb) of the auxiliary system (|2.34|) Q2.35| ) defined for large time. From 
s we reconstruct the phase ip by using (|2.32| ). We finally substitute (w,(p,Bb) into 
( gJTD (|27T8| ) with B = B a + B b and B a defined by (^28|) . This yields a solution 
(u, A) of the system (p76| ) ( |2.7|) defined for large time. The modified wave operator 
is the map u + — > (u, A) thereby obtained. 

The main result of this paper is the construction of (u, A) from u + , as described 
above, together with the asymptotic properties of (u, A) that follow from that con- 
struction. It will be stated below in full mathematical detail in Proposition 6.1. We 
give here only a heuristic preview of that result, stripped from most technicalities. 



Proposition 2.1. Let k > 3/2, < (3 < 1/2 and let a > 1 be such that fl(a+l) > 1. 
Let u+ be such that w+ = Fu + e H k+a+1 and xw+ G H k+a . Define (W, S) by tfUW - 
Then 



(1) There exists T = T(w + ), 1 < T < oo ; such that the auxiliary system ( \2. 3J^ j 
( \2.35) ) has a unique solution (w, s, B b ) in a suitable space, defined for t > T , and 
such that (w — W, s — S, Bb) tends to zero in suitable norms when t — > oo. 

(2) There exist ip and such that s = Vy? ; S = V<j), 0(1) = and such thatip — <f) 
tends to zero in suitable norms when t — > oo. Define (u, A) by ( \2.11\ ) ( \2.1£{ ) with 
B = B a + B h and B a defined by ( $.28[ ). Then (u, A) solves the system ft2l\ ) ^7\ ) 
fort > T and (u, A) behaves asymptotically as (MD exp(—i<f))W,t~ 1 DoB a (W)) in 
the sense that the difference tends to zero in suitable norms (for which each term 
separately is 0(1)) when t — > oo. 



We now describe the contents of the technical parts of this paper, namely Sec- 
tions 3-6. In Section 3, we introduce some notation, define the relevant function 
spaces and collect a number of preliminary estimates. In Section 4, we study the 
Cauchy problem for large time for the auxiliary system (|2.34|) (|2.35|) . We solve the 
Cauchy problem with finite initial time for the linearized system ( |2.37|) (Proposition 
4.1), we prove a number of uniqueness results for the system (|2.34j) (|2.35| ) (Propo- 
sition 4.2), we solve the Cauchy problem for the system ( [2.34|) (|2.35|) for large but 
finite to i n the special case A^ = (Proposition 4.3) and we finally derive some 
asymptotic properties of the solutions thereby obtained (Proposition 4.4). In Sec- 
tion 5, we study the Cauchy problem at infinity for the auxiliary system ( |2.34|) (|2.35|) 
in the difference form ( |2.49| ) ( |2.50|) . We prove the existence of solutions first for the 
linearized system ( |2.54j ) ( |2.55| ), for to finite (Proposition 5.1) and infinite (Proposi- 



14 



tion 5.2), and then for the nonlinear system (|2.49|) ( [2.50| ) for to infinite (Proposition 
5.3). Finally in Section 6, we construct the modified wave operators for the system 
1|) Q2.7|) from the results previously obtained for the system (|2.49| ) (|2.50|) and we 



derive the asymptotic estimates for the solutions (u, A) in their range that follow 
from the previous estimates (Proposition 6.1). 

3 Notation and preliminary estimates 

In this section, we define the function spaces where we shall study the auxil- 
iary system ( |2.34| ) ( ^.35[ ) and we collect a number of estimates which will be used 



throughout this paper. In addition to the standard Sobolev spaces H k , we shall 
use the associated homogeneous spaces H k with norm || u; H k \\ = \\ uj k u H2, where 
uj = (—A) 1 / 2 and the spaces 

K k = H 1 n H k , 
where it is understood that H l C L 6 . We shall use the notation 

\w\ k =\\w;H k \\ , |4 =\\s;K k \\ . (3.1) 

We shall look for solutions of the auxiliary system in spaces of the type C(I, X k ) 
where / is an interval and 

X k = {(w,s,B) :w G H k+1 , xweH k , sE K k+2 , B G K k+1 , x ■ B G K k+1 ) . 

(3.2) 

For the needs of this paper, we could have replaced H 1 in the definition of K k by 
H k ° for some k with 1/2 < k < 3/2. We have chosen ho = 1 for simplicity. 

We shall use extensively the following Sobolev inequalities, stated here in M n , 
but to be used only for n = 3. 

Lemma 3.1. Let 1 < q, r < 00, 1 < p < 00 and < j < k. If p = 00, assume that 
k — j > n/r. Let a satisfy j/k < o < 1 and 

n /p ~ 3 ' = (1 — <j)n/q + ainjr — k) . 

Then the following inequality holds 

II u j u || p < C || u \\]r' T || u k u W* . (3.3) 
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The proof follows from the Hardy-Littlewood-Sobolev (HLS) inequality ( fll 



p. 117) (from the Young inequality if p = oo), from Paley-Littlewood theory and 
interpolation. 

We shall also use extensively the following Leibnitz and commutator estimates. 

Lemma 3.2. Let 1 < r,ri,r 3 < oo and 

1/r = 1/ri + l/r 2 = l/r 3 + l/r 4 . 
Then the following estimates hold 

|| UJ m {uv) \\ r < C{\\ UJ m U \\ ri || V \\ T2 + \\ UJ m V \\ r3 \\ U || r J (3.4) 

for m > 0, 

II [uJ m ,u]v \\ r <C(\\ u m u \\ ri || v \\ r2 + || uj m - l v || r3 || V« || r4 ) (3.5) 
form > I, where [ , ] denotes the commutator, and 

II [uj m ,u}v || 2 < C || F(u m u) ||x || u || 2 (3.6) 

/or < m < 1 . 

Proof. The proof of ( |3.4j ) (|3.5|) is given in [|T^] |]TB| with uo replaced by < uo > and 
follows therefrom by a scaling argument. The proof of (|3.6|) follows from 



\F([u m ,u]v)(0\ = J dr,\\C\ m - \v\ m m ~ V)v(v) 

< Jdv\Z-v\ m \z{Z-v)\WTi)\ 

and from the Young inequality and the Plancherel theorem. 



□ 



We shall also need the following consequence of Lemma 3.2. 

Lemma 3.3. Let m > and 1 < r < oo. Then the following estimate holds 

|| u m {e v - 1) || r < || u m <p \\ r exp (C || up (U) . (3.7) 
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Proof. For any integer n > 2, we estimate 

_ II , ,m ,„n || /~t I II , ,m,„ || || ||n— 1 i || , ,m,.n— 1 || || ,„ || \ 

a n = || a; y? || r < C [\\ u ip \\ r \\ ip + \\ u p \\ r \\ <p ||oo J 
= C (ai V 1 - 1 + a n _x b) 



by (3.4), where b = \\ ip ||oo and we can assume C > 1 without loss of generality. It 
follows easily from that inequality that 

a n < n(Cb) 11 - 1 a x 



for all n > 1, from which (3^) follows by expanding the exponential. 

□ 

We shall apply Lemma 3.2 in the form of Lemma 3.4 below which we state for 
clarity in general dimension n and with general k$ < n/2 and K m = H m D H k ° . 

Lemma 3.4. Let rh > n/2. The following inequalities hold : 

(1) Let < m < rh. Then 

|| fg; H m || < C\f\ m || g; H m \\ for m<n/2, 

< C|/lm \gL forn/2<m<m, (3.8) 
\fg\ m < \g\ m fork <m<rh , (3.9) 
\fg\m < C\f\ m \g\ m forO<m<m. (3.10) 

(2) Let < m < m + 1. T/jen 

II K, /]V<? || 2 < C| V/U || u m g \\ 2 for < m < n/2 + 1 , (3.11) 

< C|V/U \VgL_, for n/2 + 1 < m < m + 1 , (3.12) 

< C|V/L |^L for k < m < fh + 1 , (3.13) 

< C\Vf\ m \g\ m for0<m<rh + l. (3.14) 

(3) Let n > 3 and m > ko, 1 < m < rh + 1. Then 

||K,/b|| 2 < C\f\ m \g\ m . (3.15) 
Proof. Part (1) . By Lemma 3.2, we estimate 

II u m fg \\ 2 < C (|| / Hoc || cu m g \\ 2 + || u m f \\ n/s \\ g \\ r ) (3.16) 
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with < 5 = 5{r) < n/2. 

For m < n/2, we choose 5 = m and continue ( p,16| ) by 



. . . < 



C (|| / |U + || u n / 2 f || 2 ) || u m g \\ 2 < C\f\ m || u m g || 2 



by Sobolev inequalities, which yields ( |3.8| ) in this case. 
For m > n/2, we choose 5 = n/2 and continue (|3.16|) by 

■ ■ ■< C (|| / |U || u m g || 2 + || a/"/ || 2 || g \U < C|/L |^| 



which yields ( |3.8| ) since m < m. 

For m = n/2, we take ko V (n — m) < 5 < n/2 and estimate the last term in 

C || a;"-' 5 / || a || Jg || 2 

by Sobolev inequalities, which yields again ( |3.8| ) in that case. 
Finally (|3.9| ) and ( |3.10| ) are immediate consequences of ( |3.8| ) . 



Part (2) . For m > 1, we estimate by Lemma 3.2 



II [co m J]Vg \\ 2 < C(\\ V/ |U || u m g || 2 + || uj m f \\ n/s \\ Vg 

with < 5 = 5{r) < n/2. 

For m < n/2 + 1, we choose 5 = m — 1 and continue (|3.17|) by 



< cfn/lL + ||^/ 2 v/|| 2 ) ||^ 



by Sobolev inequalities, which yields ( [3.11|) in this case. 

For m > n/2 + 1, we choose 5 = n/2 and continue (|3.17|) by 



(3.17) 



••< C(|| V/ IU || u> m g h + II ^"7 II 2 || U < CIV/I'^! |VpL_! 



which yields (|3.12| ) since m < m + 1. 

For m = n/2 + 1, we take k^V (n — rh) < 5 < n/2 and estimate the last term in 
©by 

C || uj n - 5 Vf || 2 || w*V^ || 2 



by Sobolev inequalities, which yields again (|3.12|) in this case. 

For < m < 1, (|3.11|) follows immediately from Lemma 3.2 and from the 
inclusion K m C F(L l ). 
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Finally (|3.13|) and (|3.14|) are immediate consequences of (|3.11|) (|3.12|) . 



Part (3) . By Lemma 3.2, we estimate 

II K, f]g h < C (|| uj m f \\ 2 \\9 Hoc + || V/ \\ n/s || u m ~ l g \\ r ) (3.18) 

with < 5 = 5(r) < n/2. We estimate the last term in ( [3.18! ) by Sobolev inequalities 

as 

C || u 1+n / 2 - s f || 2 || u™- 1+s \\ 2 < C\f\ m \g\ m 

provided 

1 + n/2 - m < 5 < 1 + n/2 - k 
k — m+l<<5<m + l — m , 

and the various conditions on 5 are compatible for m > ko and 1 < m < m + 1. 
This proves ( p,15|) . 

□ 



We next give some estimates of the various components of B\, defined by (|2.27|) 
( gT29|) and (|2~3l|) . It follows immediately from (|2~3l|) that 



uJ m (x ■ B a ) s || 2 < || u?{x ■ B a ) s || 2 < t^ m -ri || ujP(x ■ B a ) || 2 (3.19) 



for m < p, and similarly 



(a ■ B a ) L || 2 < || ^(a; • £ a ) L || 2 < t^ m -rt || ^ • £? a ) || 2 (3.20) 



for m > p. 

We next estimate Fj(M) defined by ( |2.25| ). From ( 2.25|) and from the dilation 
identity 

|| tu m D (v)f || 2 = u- m+z ' 2 || u m f || 2 , (3.21) 
it follows immediately that 

|| u m+1 F^M) || 2 < C I m+j (|| cu m M || 2 ) (3.22) 

for j = 0,1, where 



(I m (/))(*) = I dv v- m -^ 2 f(ut) (3.23) 

or equivalently 

(I m {fW) = t m+1/2 J™ dt' t'- m ~ 3 / 2 f(t') (3.24) 
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for t > 0. In particular for m > 1 and j = 0, 1, 

|F,(M)| m < C/,(|M| m ) . (3.25) 
We next estimate x ■ Fj(M). Using the commutation relation 

[x, P] = ( n - 1) A~ X V , (3.26) 
easily proved in Fourier transformed variables, and estimating 

| sin((z/ — 1)uj)\ < wVl , 

we obtain 

|| cu m+1 x ■ Fj(M) || 2 < C I m _ 1+j (|| cu m (x ® M) || 2 + || u m M || 2 ) , (3.27) 
and in particular for m > 1, 

|x-F 1 (M)| m+1 V|Vx-F (M)| m < 7 (|x®M| m +|M| m ) . (3.28) 



The estimates flOSD (gjD will be the main tools used to estimate 5 a and -B;, 
given by 

4 Cauchy problem and asymptotics for the 
auxiliary system 



In this section, we study the Cauchy problem for the auxiliary system (2.34) (2.35) 



for large but finite initial time, and we derive asymptotic properties in time of its 
solutions. 

The basic tool of this section consists of a priori estimates for suitably regular 
solutions of the linearized system (|2.37|) (|2.38| ). Those estimates can be proved 



by a regularisation and limiting procedure and hold in the integrated form at the 
available level of regularity. For brevity, we shall state them in differential form and 
we shall restrict the proof to the formal computation. 

We first estimate a single solution of the linearized system ( |2.37|) ( p.38| ) at the 



level of regularity where we shall eventually solve the auxiliary system ( |2.34| ) ( |2.35| ) 



Lemma 4.1. Let k > 3/2, let T > 1, I = [T, oo) and let (w, s, B h ) E C(I, X k ) with 
\w\ k V \xw\ k e L°°(I). Let 

a = || \w\ k V \xw\ k ]L°°(I) || . (4.1) 
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Let V a I be. an interval, let (w f , s') be a solution of the system \2. 3Tj ) with (w r , s\ 0) G 
C(P,X k ) and let B' b be defined by flOg/ Let < 6 < 1 and k < t < k + 2. Then 
the following estimates hold : 



\B a \ k+ i < C I (\w\ k \xw\ k ) < C a 2 



(4.2) 



r-B„:H k+i II < \V(x-B a )\ k < C I (\xw\ k (\xw\ k + \w\ k )) < C a 2 (4.3) 



for all t £ I. 



w'\ k+e \ < Ct~ 2 \\V{s + B)\ k \w'\ k+e + \V ■ s\ 

k+e \ w \k 



+ (\s\ k+e + \B\ k+e ) \B\ k+e \ w '\ k } + Cr l - 
+C r l \x-B h \ k+e \w'\ k = M 4 (9,w') , 



■0(1-6) 



x ■ B a ; H 



fc+i 



%\xw'\ k \ < M 4 (0,xw') + C t- 2 (\w'\ k+l + \s + B\ k \w'\ k 



for all t e V , 



\x 



9tW\ t \ < Ct- 2 (\s\ k+1 \s'\ e + X (i>k + l)\s\ e \s'\ k+1 

+c r l \w\ k \w\^ + c r 1+ ^- fe )|v(x • B a )\ k 



\B' b \ k+g < C t 1 h (\w\ k (\w\ k+ + \s + B\ k \w\ k ) 



B' b \ k+e < C t 1 I Q ((\w\ k + \xw\ k )(\w\ k+0 + \s + B\ k \w\ k/ 



for all tel. 



\w'\ k 



(4.4) 
(4.5) 

(4.6) 

(4.7) 
(4.8) 



Remark 4.1. The statements on B' b are non empty only in so far as the integrals 
over v in the RHS of ( |4.7p ( f4~B"l) are absolutely convergent. This requires suitable 
assumptions on the behaviour of (w, s, B) at infinity in time. Such assumptions will 



be made in due course. The only assumption of this type made so far is ( |4.1[ ) which 
ensures ( |4.2| ) ( |4.3| ), thereby making ( |4.4| ) ( [4.5| ) ( (4.6| ) into non empty statements. 



Proof. (|3) and ([Of) follow immediately from (|3~25| ) (g]2|) and from (|3~T0| ) with 
m = m = k. 
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We next estimate w' in H k+e . It is clear from ( p.37|) that || w' ||2= const. Let 
m = k + 9. We estimate by a standard energy method 

\d t \\uo m w'\\ 2 \ < r 2 { || [u m ,s + B] ■ Vw' \\ 2 + || [u m , V • s]w' \\ 2 

+ || [u m , 2B-s + B 2 ]w' || 2 } + r 1 || K, (x • B a ) s ]«j' || 2 

+ r 1 || [w^z-Sby || 2 . (4.9) 



We estimate the first norm in the RHS by Q3.14 ) with m = k and the other 
norms by ( |3.15| ) with m = k. Furthermore, by ( ^.19| ) 

\{x-B a ) s \ k+0 < rK 1 -* \\x-B a] H k+1 || (4.10) 

so that the RHS of (|4.9| ) is estimated by that of ( (4.4|) , which together with L 2 norm 
conservation, yields (|4.4j ). 

We next estimate xw' in H h , starting from ( [2.39| ). We obtain 

dt || uj k xw' || 2 < terms containing xw' 
+t~ 2 (|| cu k+1 w' \\ 2 + || co\(s + B)w') || 2 ) (4.11) 

where the terms containing xw' are obtained from the RHS of ( |4.9| ) by replacing w' 
by xw' and taking m = k. Those terms are estimated in the same way as before. 
Estimating the last norm in ( |4.11| ) by ( |3.15| ) and using the obvious L 2 estimate 



\d t || xw' 



< r 



Vw' 



B) 



w \\2 



(4.12) 



yields (pL"5D- 

We next estimate s'. From (|2.37|) we obtain 



^||wV|| 2 | < t- 2 (\\[uj e ,s}Vs'\\ 2 + || (V • s)u l s' || 2 ) 

L 1 1 2 



-Ct' 1 || \J~ l \w\ 2 \\ 2 +T 1 \\uj e+1 (x-B a 



We estimate the first norm in the RHS by ( |3.11| ) ( |3.12| ) with m = 
iil<k + l, while for £ > k + 1 

II [co e ,s]Vs' || 2 < C (|| Vs Hoc || Js' || 2 + || o/s || 2 || Vs' 



(4.13) 
and m = k 



< c (\ s \k+i W\e + \ s \ 



lfc+i 



(4.14) 



by a direct application of Lemma 3.2. The last two norms in the RHS of ( [4.13| ) are 
estimated as 



uj^ 1 \w\ 2 || 2 < C || w 



w l w |U < C|wL I it; I 



(4.15) 
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by Lemma 3.2, and 



u--{x-B a ) L \\ 2 < t^ e -V || u k+1 {x ■ B a ) || 2 



by ( |3.20|) . Together with the simpler estimate 



\d t || Vs' || 2 | < r 2 || Vs Hoc || Vs' || 2 +Ct~ 1 || iu || 2 + T 1 \\ V 2 (x-B a ) || 2 , (4.16) 



those estimates yield ( |4.6| ). 

We finally estimate B' b . From ( |3.25| ) with j = 1 and ( |3.28| ), we obtain 

\B' b \ k+e < C t~ l I l {\M b \ k+9 - 1 ) (4.17) 

\x-B' b \ k+e < C T 1 h{\xM b \ k+ e-i + \M b \ k+6 ^) (4.18) 
from which Q (H) follow by Q (^TU|) . 



□ 

We next estimate the difference of two solutions of the linearized system ( |2.37| ) 
( |2.38| ) corresponding to two different choices of (w,s,Bb). We estimate that differ- 
ence at a lower level of regularity than the solutions themselves. 

Lemma 4.2. Let k > 3/2, let T > 1, I = [T, oo) and let (wi,s h B u ) G C(I,X k ), 
i = 1, 2 with \wi\k V |xwj|fc G L°°(I). Let 

a = Max \\ \w i\ k y \xWi\ k ;L°° (I) \\ . (4.19) 



Let I' G I be an inter val, let (u>-, s-) 6e solutions of the system ( \2.3T{ ) associated with 
(wi,Si,Bbi) with (w'i, s^, 0) G C(/',X fe ) and /ei 6e defined by ( \2. 3% ) in terms of 



(wi,Si,B bi ). Define {w±,s±,B b± ) = (l/2)((w 1 , s u B hl ) ± (w 2 , s 2 , B b2 )) and similarly 
for the primed quantities and for B a , B, B ■ s and B 2 . Let 

1/2 <k' <k-l , 0<9 < 1 , IV k' <t<k' + 2 . (4.20) 

Then the following estimates hold : 

\B a _\ k , +1 < C I (\xw+\k \w-\k') , (4.21) 

\\x-B a _;H k ' +1 \\ < C I kl ^((\xw + \ k + (\w + \ k )\xw.\ k/ ) , (4.22) 
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dt\vt\w\ < C{t- 2 (\Vs + \ k + \VB + \ k + \(Bs) + \ k +\(B 2 ) + \ k 
+t -i-ftk-U) \\ x . Ba+ -H k+1 || +t- 1 \x ■ B b+ \ k }\wi\ k , +e 

+c r 2 [ (|s_| fc , +1 + iS-lfcz+i) \w' + \ k+e + (|s_| fc /+i +e 



-1-/3(1-6) 



X 



B a _;H k ' +1 || +t- 1 \x-B b _\ k , +1 }\w\ 



+ \k i 



(4.23) 



d t \xw'_\ k r < Idem(# = 0, w' — ► ot') 

+C r 2 {K| fe >+i + |(s + B) + \ k \w-\ v + \{s + B)4 k , +1 \w' + \ k ) , (4.24) 

dtW-\ t < Cr 2 {\Vs + \ k \s'_ \ e + \s-\ e \Vs' + \ k + x(t>k)\s-\ k \Vs> + Q 
+C t'^w+lk \w-\t-! + C r 1+(/ -*' )/J || V(z ■ 5 a _); n # fe ' A1 || , (4.25) 

\B' b J k , +1 < r 1 h{\M h _\ k ) , (4.26) 
\x ■ B' b \ k , +1 < r 1 J (\xM b _ \ k , + \M b _ \ k ,) , (4.27) 
where M b _ = (M bl - M b2 )/2, M b is defined by and 

|M 6 _| jfc / V |x • M b _\ k > < C\ < x > ^+|fc{|w-| fc '+i + l s + + B+\ k |w_| fe / 
+|s_ + S-lV+i k+U} + C| < x > w_| fc |s_ + |w_| fe . (4.28) 



Proof. The estimates flPID (|422T) follow immediately from flOp , from (|3~25l) 
( |3.28D and from (|3.10|) with m — k' and fh — k. 

We next estimate (u>^_,s'_). Taking the difference of the systems fl2.37|) for 
(w'i, s'j), we obtain the following system for (w'_, s'_) : 



d t w'_ = i(2t 2 )~ l &w'_ + r 2 (Q(s + + B + , w'_) + Q(s_ + «/ 
-t^t 2 )- 1 ((2(5 ■ s)+ + (B 2 ) + )wi + (2(5 • s )_ + (£? 2 )-K 



.r 



5 a+ ) 5 + x ■ B b+ )wi + {{x -B a _) s + x- B b 



t^vix-B^L 



(4.29) 
(4.30) 



<9 t s'_ = r 2 (s+ ■ Vs'_ + s_ ■ Vs' + ) + r 1 v#(t 

Let m = fc' + so that 1/2 < m < fc. We estimate u; m w;^_ by the same method 
as in Lemma 4.1, using ( 3.14]) for the term (s + B) + ■ Vw'_ with m = k, and using 
( |3.8|) for all the other terms, with fh — k or fh — k' + 1, depending on whether the 
estimated quantity is of + or — type. We obtain 
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< C{r 2 (\V(s + B) + \ k + |V • s + \ k + \(B ■ a) + + (B 2 
(\(x-B a+ ) s \ k , +1 



+ \x • B b+ \ k ) \\w 



d t II LU m w'_ 



-C{r 2 (\(s + B)_\ 

fe'+l l w +|m+l 

+ r 1 (\(x ■ B a _)s\m \w' + \k + \x ■ B b _\ k , +1 \w 
We next estimate 



w' + \ k + \(B-s)_ + (B 2 ) 

+u) } • 



fe'+l l W +|m) 

(4.31) 



(x-B a+ ) s \ kl+1 < r« fc - fe ') \\x 



B a+ ;H k+1 



(x ■ B a _ 



)S\m 



< t-M-Q \\x-B a _;H 



fc'+i 



by ( |3.19| ). We estimate d t \\ w'_ || 2 in a simpler way as above by taking m = 
and omitting the terms with w'_ in ( 4.31|) . Collecting the previous estimates yields 

We now turn to the proof of ( |4.24[ ), namely to the estimate of xw'_. From 
we obtain 



d t xw'_ = Idem(y -> aw') - it~ 2 Vw'_ - t~ 2 [(s + £)+u/ + (s + £)-W+J (4.32) 

where Idem denotes the RHS of (|4.29 ). The estimate (|4.24 ) then follows from (|4.23|) 
with 9 = and w' replaced by xw' and from an easy estimate of the additional 



terms using (|3.10|) with m = k' and m = k or k' + 1. 

We now turn to the proof of (|4.25|) namely to the estimate of s'_. We estimate 



d t || wV_ || 2 < r 2 { || [<J,s+]-W_ 

+ || a/(s_W + ) h } + cr 1 



1 11 £ 1 11 

00 ^ s_ 2 



t—1 / - 



V • s+ 

|| 2 +r l \\J + \x-B a _) L || 2 . 

(4.33) 

We estimate the first norm in the RHS by ( 3. lip ( |3.12 ) with m = £ and fh = k. We 
estimate the third norm by fl3.8|) with m = £ and fh = k for £ < k, while for £ > k 



< C II Js 



+ II 00 



+ 



o/Vs 



+ 1 1 2 



<c(M, |v s ' + |, + | s _| fc |v< 

by a direct application of Lemma 3.2. We next estimate 

|| J~~ x {w+wS) || 2 < C\w + \ k Iw-l^-i 
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by (|3.10| ) with m = I — 1 and m = k, and we estimate the last norm in (|4.33|) by 
( 13.201) . Together with the special case I = 1, the previous estimates yield Q4.25Q . 
Finally flOg ) (ggg ) are special cases of (|3~25p ( ggg ), while (Q) follows from 



repeated use of ( |3.10|) with m = k' and m = k or k! + 1. 

□ 

We now begin to study the auxiliary system ( |2.34|) (|2.35| ) and its linearized ver- 



sion ( |2.37| ) ( p.38| ). The first step is to solve the linear system ( |2.37| ) globally in time. 



Proposition 4.1. Let k > 3/2, let T > 1, I = [T, oo) and let (w, s, B b ) G C(I, X k ) 
with \w\k V \xw\k G L°°(I). Let to G / and (w' , s' , 0) G X k . Then the sys- 
tem has a unique solution (w',s r ) in I such that (w',s',0) G C(I, X k ) and 
(w',s')(t ) = (w Q ,s' ). That solution satisfies the estimates ^A ) MA ) for all 
t G /. Two such solutions [w'^s'-) associated with (wi,Si), i = 1,2, satisfy the esti- 
mates &Jh\) for all t G /. 



Proof. We first prove the existence of a unique solution (w', s') G C(I, Y k ) where 
Y k = H k+1 © K k+2 . The proof proceeds in the same way as that of Proposition 
4.1 of 0, through a parabolic regularization and a limiting procedure. We define 
Uiit) = U{l/t) and w'(t) = Ui(t)w'(t). We first consider the case t > t . The system 
( |2.37| ) with a parabolic regularization added is rewritten in terms of the variables 
(w', s') as 



dtw' = 7] Aw' + Ut[L- i(2t 2 )- 1 AjU*w' = rjAw' + G x {w') 
d t s' = 7] As' + t~ 2 s ■ W + r 1 Vg(w) - r 1 V(x • B a ) L 
= r]As' + G 2 (s') 



where L is defined in ( [2.34j ) and where the parametric dependence of L, G\, G 2 on 



(w, s, Bb) has been omitted. The Cauchy problem for that system can be recast into 
the integral form 

P),^K,( ( - ( „)g) + />^,( i -Og|; ) ) )M («4) 

where V v {t) = exp(r]tA). The operator V v (t) is a contraction in Y k and satisfies the 
bound 

II vv^tyxiY') || ^c^ty 1 ' 2 . 
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From those facts and from estimates on G%, G 2 similar to and mostly contained in 
those of Lemma 4.1, it follows by a contraction argument that the system ( |4.34|) 
has a unique solution (w 1 , s' v ) G C([t , t + T%], Y k ) for some T\ > depending only 
on |tfo|fc+i ? l s olfc+2 an d V- That solution satisfies the estimates ( |4.4j) and ( |4.6| ) and 
can therefore be extended to [to, 00) by a standard globalisation argument using 
Gronwall's inequality. 

We next take the limit 77 — ^ 0. Let r\ 2 > and let {w'^s^) = (w', s' Vi ), 
i = 1,2 be the corresponding solutions. Let (w'_,s'_) = (l/2)(w[ — w'^s^ — s' 2 ). 
By estimates similar to, but simpler than those of Lemma 4.2, since in particular 
(w—, s_, B b ) = 0, we obtain 

d t || w'_ HI < {rjt - r] 2 \ (|| Vw[ HI + || Vw' 2 HI) 

d t || W_ HI < 177! - m \ (|| VM HI + || W 2 HI) + C t- 2 || Vs \U\ W_ HI . 

Those estimates imply that (it?' s' ) converges in L 2 © 1 uniformly in time in the 
compact subintervals of [to, 00), to a solution of the original system. It follows then 
by a standard compactness argument using the estimates ( l~4[) (|4.6|) that the limit 



belongs to C([t , oc),Y k ). This completes the proof for t > t Q . The case t < to is 
treated similarly. 

We next show that xw' G C(I,H k ). For that purpose we choose a function 
V> G C^(IR n , IR + ) with < -0 < 1, ip(x) = 1 for |x| < 1, tjj(x) = for x > 2, and we 
define by ip R (x) = ip(x/R). Clearly ip R xw' G C(I,H k+1 ) and xw' satisfies 
the equation 

d t ip R xw' = Li/j r xw' - ir 2 (V(ip R x)) ■ Vw' - i{2t 2 )~ l (A(ip R x)) w' 

-t- 2 (s + B) ■ (V(i/j r x))w' . (4.35) 



Using Lemma 4.1, more precisely (|4.5| ) and the fact that the operator of multiplica- 
tion by a function <p R (x) = (p(x/R) for (p G is a bounded operator in H m for all 
m > uniformly in R for R > 1, we estimate 



\k 



\dt\il> R xw%\ < m 4 (o,^ xw') + c r 2 [\w'\ k+1 + irV 

+Cr 2 |s + 5| fe [w'ljb . (4.36) 



Integrating ( 4.36[ ) between £ and t and using Gronwall's inequality, we obtain 



\ip R xw'\ k < C(t) (1 + \ip R xw' \ k ) < C(t) (1 + \xw' Q \ k ) 
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so that ipn xw' is bounded in H k uniformly in R. This implies that xw' G Lf£ c {I, L 2 ) 
and that ipn xw' tends to xw' strongly in L 2 pointwise in t when R — > oo. Moreover, 
it follows from (|4.35|) that xw' is weakly continuous in L 2 as a function of t. Together 
with ( |4.36| ), this implies that xw' G C{I,H k ) by standard compactness arguments. 

□ 



We now turn to the study of the auxiliary system (|2.34| ) ( |2.35|) . The main 



results will be the existence and uniqueness of solutions of that system, defined in 
a neighborhood of infinity in time and with suitable bounds at infinity, and some 
asymptotic behaviour of those solutions. The bounds on the solutions at infinity 
will be essentially dictated by the existence result (Proposition 4.3 below), and 
for simplicity we shall mostly restrict our attention to solutions satisfying those 
bounds, although more general solutions could be considered in the uniqueness and 
asymptotic behaviour results. We shall thus consider solutions {w, s, B b ) G C{I, X k ) 
for some interval / = [T, oo) such that 

A = A(t) = \w\ k V \xw\ k V {in t)~ x \w\ h+1 V {in t) _1 |s| fc V r p \s\ k+l 

vr 2/3 \s\ k+2 V\B b \ k EL°°{I) . (4.37) 

We first state the uniqueness result. 



Proposition 4.2. Let k > 3/2, < (3 < 1/2 and I = [T,oo). 

(1) Let to E I and {wq,Sq,0) G X k . Then for t sufficiently large, the auxiliary 
system ( \2. 34 ) 33j ) has at most one solution {w,s,B b ) G C{I, X k ) satisfying 

and (w, s)(t ) = (w , s Q ). 

(2) Let {wi, Si, Bm) i = 1,2, be two solutions of the auxiliary system ( \2.34) 35]) 
in C{I, X k ) satisfying ( U-3V and such that for some e > 



\ s -\k+i v tW+e (\ w -\k V \xw-\k-x) -> when t -> oo . (4.38) 
Then (iui, si, JB 6 i) = {w 2 ,s 2 ,B b2 ). 

Remark 4.2. The condition t sufficiently large in Part (1) takes the form 

t > || l + A;L°°([t ,oo)) \\ N (4.39) 

for some N > 0. For a given solution {w, s, B b ), the RHS of ( |4.39|) is decreasing in 
t while the LHS is increasing, and Part (1) supplemented by ( |4.39|) gives a lower 
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bound of the initial time for which the given solution is uniquely determined as a 
solution of the Cauchy problem with that initial time. 



Proof. The proof relies on Lemma 4.2, and we first recast the estimates of that 
lemma in a simplified form for solutions satisfying ( |4.37| ) . We consider two solutions 
(Wi, Si, B u ) (= K, si, B' bi )), i = 1, 2 of the system ( g3§ ( ^35|) satisfying ( pTFD and 
we define 

A(h) = Max || Ai(t); L°°([ti, oo)) || (4.40) 

i=l,2 

for > T, where Aj are the quantities defined by (|4.37|) for the two solutions. We 
define (w-,S-,Bb_) as in Lemma 4.2, and 

y = \w_\k-i V |xw_| fc _i , y 1 = \w-\ k , 

(4.41) 

We rewrite the estimates (|4.21|) - (|4.28|) for general t G [£i,oo) for some t\ > T. 
The + quantities are estimated by Q4.37Q (|4.40|) supplemented by (|Q|) ( gjTfl 
( |4.8|) as regards B a and -Bf,. This produces overall constants depending polynomially 
on A(ti), which we omit for brevity, but the occurrence of which should be kept 
in mind for subsequent arguments. In terms having the same dependence on the 
dynamical variables, we keep only the terms with the leading behaviour in t, namely 
we use 

t 1 -? >int>\. 
We take hf = k - 1 and rewrite (gg|)-(|Og) as follows 

\B a J k <I (y) , (4.42) 

\\x-B a _;H k \\ </ fe _ 2 (y) , (4.43) 
\d t y\ < r x - p y + r 2 (z x + \B_\ k in t) + r 1 ~ /3 h^ + r^x- B b J k +r 2 yi , (4.44) 
\d t yi\ < r l - p yi +r 2 (zi int + z 2 + \B-\ k in t)+r 1 I k _ 2 (y) + r 1 \x-B b _\ k , (4.45) 

\dtZ!\ < r 2+li z 1 + r l y + r l+li i m (y) , (4.46) 

\d t z 2 \ < r 2 ^ U + tP Zl ) + + t- l+2 ? I m (y) (4.47) 



with m = (k - 2) A 0, 

\B b J k < r 1 h (y 1 + y £nt + z 1 + |£L| fc ) , (4.48) 
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\x ■ B b _ \ k < r 1 I (y 1 +y£nt + z 1 + . (4.49) 

The system ( |4.42|) -( f4.49|) will be the starting point for the proof of Proposition 



4.2. 



Part (1) . We first prove uniqueness for t >t . Note that this region is autonomous 
in the sense that the equations in this region involve the dynamical variables in this 
region only, since the integrals ( 2.25|) occurring in (|2.28|) - (|2.29|) are taken for v > 1. 
We define 



Y 



y;L°°([f ,oo)) 



Yi= II Vi(tn ty^L^dto.oo)) 



(4.50) 



which are finite by ( |4.37|) and we prove that those quantities are zero by integrating 
( f4.44|) -( pi7D with initial condition (y, y h zi, z 2 )(t ) = 0. 

In keeping with the previous simplification, we perform that computation up to 
constants (depending on A(t )) and under conditions that t is sufficiently large in 
the sense of ( |4.39| ) when needed. We furthermore eliminate the diagonal terms in 
( f4.46| )-( fl.47| ) by exponentiation, namely by using the fact that 

d t y < fy + 9 => y(t) < exp fj (y(t ) + £ g^j (4.51) 

for integrable /. Using ( [4.50|) and integrating (|4.46| ) ( [4.471 ) (and using Z\ < z 2 and 
2(3 < 1), we obtain 



zi < t Y , z 2 < [in tfYt + t w Y 
Substituting (|3U|) ( ^ ) into QQ2D ( ggg) ( ^49|) yields 



\B, 



V || x ■ B a _-H k || < Y 



a- \k 



(4.52) 



(4.53) 



B b J k V\x-B b J k < rHnt (Y 1 + Y)+t- 1+(5 Y + T 1 \\ \B _\ k ; L°°({t , oc)) \\ 

(4.54) 



< t~ x ln t Y x + r 1+l3 Y 
for to sufficiently large, so that one can assume 

\B-\ k < y ■ 

Substituting ( pL50D {WM)- (W^) into {WM ( HD yields 



(4.55) 



dty < ( t' 1 ' 13 + r' A+p + t~' l tn t)Y + r' l tn t Yi 



-2+13 



< t 



-1-/3 



Y + r 2 £n t Y 1 



(4.56) 
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d tyi < (t- 2+f3 £nt + t- 2 ent + t- 2+2(S + r 1 )Y + t- 2 (£nt) 2 Y x 

< r 1 Y + t- 2 (£nt) 2 Y x . (4.57) 

Integrating ( 4.56|) (|4.57 ) in [to,t] and comparing with (|4.50|) yields 

Y < t 13 Y + to 1 in t Yx 

(4.58) 

Yi < Y + t^Hn t Yi 

which implies Y = Y\ = for to sufficiently large. 

We next prove uniqueness for t <t . Since we have already proved uniqueness for 
t > t , (y, yi, Zi, Z2) vanish for t > t , and the region t < to also becomes autonomous 
in the previous sense, which it would not have been if treated first. Now however we 
are in a standard situation where the variables {y^} = {y, y x , zi, z 2 , Io(\B_\ k } satisfy 
a system of inequalities of the type 

\dtVi\ < E h Vj + 9* dt ' E h dt') Vj(t') ( 4 -59) 
i Jt 3 

for t < to. This can be reduced to the case of a single function y = J2yi namely 

rt 



d t y\<fy + gf t °dt'h(t')y(t') (4.60) 



with 



/ = Max E fij > 9 = Max g> , h = Max E h ij 
3 ; 1 3 



One can then eliminate / by exponentiation, in very much the same way as in ( [4.511) . 
Integrating (|4.60|) with / = and y(t ) = yields 



y(t) < G(t) dt' h(t') y(t') = G(t) Y(t) 

with G(t) = ft dt' g{t') and therefore 

\d t Y\ <h GY 

with Y(to) = 0, which implies Y = and therefore y = for all t < to- 

Part (2) . We proceed in the same way as in Part (1) for t > t . Let A = 2(3 + e, so 
that 2(3 < A < 1 and define 

Y(t)=\\ . x y(.);L°°([t, 00)) || 

(4.61) 

n(i) HI • V(0; °°)) II • 
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We take t\ and to such that T < t\ < to < oo, with t\ sufficiently large, and we 
estimate (y, yi, z±, z 2 ) for t G [ti,io] by integrating (|4.44j) - (|4.47|) between t and to 
with final data (2/0,2/10,^10,^20) at ^o- Let Y = Y(ti), Y\ = Y\{t\). From (|4.42|) 
O flPHD we obtain 

lAdfcV || x-B a _;H k || <r A F (4.62) 



for t >t\. Integrating ( [4.46 ) ( 4.47 ) as before, we now obtain 

(4.63) 

k 22 < 220 + c A Yi + e- 1 r £ y 

for t > t±, with £_ = t A to- (Note that we need an estimate of z\ for t > to for 
substitution in ([PSD QOg)). Substituting (|4~6ll) fl4~Bl) flOg) into flOSj) flOp 
yields 

|s 6 _| A v|ar.s 6 _|' fc < r 1 {r A (y 1 + y^nt) + z 10 + ^ A y + r A y + /o(| J B f) j fc )} 

< r 1 (V A y + z 10 + t?- x Y) (4.64) 



for h<t<to and t x sufficiently large. Substituting (^B1D-(^64D into (ggg ) flOSl) 
yields 



|%| < (r^^ + r^-^y + rtio + r 2 ^ 
< r 1H3 - A Y + t- 2 * 10 + r 2 - x y x 



Yi 



(4.65) 



since 2/3 < 1, 

\d t yi\ < (t- 1 -P- x + t- 2 - x )Y 1 + t- 2 (z 10 £nt + z 2 o) 

< r 1 -^ Y x + r 2 ( Zl0 in t + z 2 o) + r 1 "* y 

Integrating (|4.65|) (|4.66|) between i and to yields 

' y < yo + t~ p ~ x y + r l z 1Q + r 1 -* y 

< 

. yi < yio + 1-* 3 -* y + 1- 1 (z 10 in t + z 20 ) + t- x Y . 



(4.66) 



(4.67) 



Substituting the result into the definition (|4.61|) and using the fact that t A yo < 
y(to), yio < Y\{to) by definition, we obtain 

' y < y (t ) + ti 1+x z l0 + t^Y + ti 1 y 

(4.68) 

, y < Y 1 (t ) + tf 1+A (*io in h + z 20 ) + Y + t^Y . 
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Taking t\ sufficiently large to eliminate the diagonal terms, we obtain 

Y < m + tr 1 Y 1 



with 



which implies 



Y 1 <m 1 + Y 

m = Y (t ) + t^ 1+x z w 
mi = Fi(t ) + t{ 1+x (z 10 in t x + z 20 ) 

Y < m + t^mi , Y - ! < m + rri\ 



(4.69) 



for ti sufficiently large. We now let to ^ oo for fixed t±. Then m and m x tend to 
zero, and therefore Y = Y\ = 0, which together with ( [4.63| ) ( |4.64j ) and another limit 
to — ^ c« for fixed t 1; implies that (iui, Sj, 5 6 i) = (w 2 , s 2 , -B^)- 

□ 

We now turn to the main result of this section, namely the existence of solutions 
of the auxiliary system (|2.34j) (|2.35| ) with sufficiently large initial time, defined for 



sufficiently large time and satisfying flj.37p . 

Proposition 4.3. Let k > 3/2 and < (3 < 1/2. Let (w ,s ,0) G X k . Then 

(1) There exists T < oo, depending on (wq, Sq), such that for all to > T , there 
exists T < t such that the auxiliary system ( $.34 ) ( 2.35 ) has a unique solution 



(w,s,Bb) G C(I, X k ), where I = [T, oo), satisfying t U-3!\ ) and (w,s)(t ) = (wo,Sq). 



The dependence ofT (resp. T) on (wo,So) (resp. and on t ) can be formulated 
more precisely as follows. For any set A = {a, a±, b , b±, b 2 } of five positive numbers, 
there exists T = T (^4) and for any to > T , there exists T = T(to,A) < t , 
increasing in t and such that T(T (A), A) = T (A), such that the previous statement 
holds for such T , t , T for all (wq, Sq, 0) G X k such that 



(4.70) 



\w \k V \xwo\k < a , |u> |fe+i < ai £n t 
\s \ k+J <b J (£nto + ti /3 ) , j = 0,1, 2. 
The solution (w, s, Bj,) satisfies the estimates 

\w\k V \xw\k < Ca , |Hfe+i — C( a i + a 3 )£n t + , (4-71) 
<C(6,+a 2 )(£nt + + t^) , J = 0,1, 2, (4.72) 
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\ B b\k+i v \ x ■ B b\k+i < c ( aa i + « 2& o + a 4 ) t~ x ln t+ (4.73) 

for all t >T, with t + = t V to- 

In addition w G L°°(I, H k+e ) for < Q < 1. 

T/ie map (u>o? s o) — > {w,s,Bb) is continuous for fixed to, on the bounded sets 
of X k , from the norm of (wq, sq,0) G X k ~ l to the norm of (w, s, Bb) in L°°(J, X k ~ l ) 
for any interval J CC I, and in the weak-* sense to L°°(J, X k ) . 

Proof. Part (1) . The proof consists in exploiting the estimates of Lemmas 4.1 and 
4.2 in order to show that the map T : (w, s, Bb) — > (w', s', B' b ) defined by Proposition 
4.1 with (w f ,s f )(t ) = (w,s)(t ) and by fl2.38|) is a contraction of a suitable set 71 



of C(I,X k ) for a suitably time rescaled norm of L co (I,X k - 1 ). More precisely, let 
I = [T, oo) and t G I. For (w, s, 0) G C{I, X k ), we define 

y = \w\ k V \xw\ k , yi = \w\ k+ i 

(4.74) 

Z 3 = \ S \k+j 5 J = 0, 1, 2 , 

and we define 1Z by 



K = {(w, s, B b ) G C(J, X fe ) : (w, s)(to) = (w , s ), y < F, y x < Y x in t+, 

Zj < Zj (in t+ + tf) , j = 0, 1, 2, |£?4 +1 V |x • B b \ k+1 < NrHn t + ) (4.75) 

for some positive constants (Y, Y x , Zj, N) to be chosen later. Actually, those con- 
stants will turn out to take the form that appears in ( |4.71|) -( [4.73D . The proof will 
require various lower bounds on T and to, depending on (Y, Y x , Zj, N). Since those 
constants will take the form that appear in ( fL71J) - (|4.73|) , the lower bounds on T 
and to will eventually be expressed in terms of [a,a\,bj), thereby taking the form 
stated in the proposition. 

We first show that the set 1Z is mapped into itself by Y. Let (w, s, Bb) G 71. 
From (OWOD it follows that 



\Ba\ k+ i V |V(x • B a )\ k < C I (y 2 ) <CY 2 . (4.76) 
We now get rid of the variable B b . From ((OJ) (fD| ( |4.76| ) it follows that 



\B'b\ k+ i V \x ■ B' b \ k+1 < C r 1 I (y yi + y 1 [zo + I (y 2 ) + \B b 
< C r l in t + [YY X + Y 2 (Z + Y 2 + Nr 1 )) < NrHn t+ (4.77) 
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with 

N = C(YY 1 + Y 2 (Z + Y 2 )) (4.78) 

provided T is sufficiently large, namely T > CY 2 . Therefore under that condition, if 
we choose N in (|4.75| ) as given by ( |4.78| ), the condition on Bf, in ( [4.75|) is automati- 
cally reproduced by T, and it remains only to show that T reproduces the conditions 
on (w, s). 

In order to proceed, we furthermore impose the condition 



\B b \ k+1 < Y 2 



which together with ([4.76|) ensures that 

\B\ k+1 <CY 2 . 

That condition is ensured by taking T and t sufficiently large so that 
t {In t+y 1 > N/Y 2 = C (Y l /Y + Z + Y r 



(4.79) 



(4.80) 



(4.8i; 



for all t >T, a condition which can be rewri tten as 

t >T> NY~ 2 £n t = C (YJY + Z + Y 2 ) £n t , (4.82) 
where we have included the condition to > T for completeness. Let now (v/, s') be 



the solution of the system (|2.37|) with initial data (w', s')(t ) = (w , s ) obtained by 
using Proposition 4.1. We define 



' y' = \w'\ k V | xw'\ k , y[ = \w'\ k+1 
3 = 0,1,2. 



(4.83) 



7' — Is'l 
^ A j \ b \k+j ' 



From Lemma 4.1, more precisely from ( f4.4|) -( fOD , we obtain 

\d t y'\<Ey' + T 2 y'^ (4.84) 

\d t y' x \ <Ey[ + C r 2 z 2 y' + C t~ l \V{x ■ B a )\ k y' , (4.85) 

|d t 4l < C r 2 ( Zl z) + Zj z[) + C r l y{y + 5 n y x ) + C t~ 1+ ^\V{x ■ B a )\ k , (4.86) 
where 5j 2 is the Kronecker symbol and where 

E = Cr 2 ( Zl + \B\ k+1 ) (l + \B\ k+1 )+Cr 1 ^\V{x-B a )\ k +Cr 1 \x-B b \ h+x . (4.87) 
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We want to integrate (|4.84|) - (|4.86|) between £ and t with appropriate initial data 
at to- For that purpose, we first eliminate the diagonal terms in (|4.84|) ( f4.85|) by 
exponentiation according to (|4.51| ). By (^4.75|) , (|4.76|) ( |4.80|) we estimate 



E < E = C r l (Z 1 f + + Y 2 (1 + Y 2 ) + C t 



-1-/3 



Y 2 + C N t~ 2 in t A 



(4.88) 



and therefore by integration 



t 



dt' E(t') 



< C (t A to) -1 (*? Z 1 + Y 2 ) (1 + Y 2 ) + C(t A t y p Y 
+C(tAt )- 1 £n t N < C 



-0V2 



where we have used the estimates 

I +1-2 + 'P 



dt' t'- 2 t 



to 



^(l-py^tAto)- 1 i 



(4.89) 



(4.90) 



dt' t'- 2 in t' 



< (t A to)' 1 (1 + £nt ) (4.91) 

and where the last inequality is achieved for T and to sufficiently large, namely 

to>T>4 Z X {1 + Y 2 ) + Y 2 + Y 2/l3 + N into . (4.92) 

We next estimate y' and y[ by integrating ( [4.84| ) (|4 . 8 5|) between t and t with 
initial condtions y'(to) < a and y[{to) < cti in t according to ( [4.70| ) and with E 
exponentiated to a constant under the condition ( |4.92| ) . We obtain 

■ y'<Ca + c[r 2 y[ 



y[<C ai£nt Q + C Z 2 J r 2 tfy' + C Y 2 J r 1 y 
by the use of ( 4.75 ) ( 4.76 ) and with the short hand notation 



(4.93) 



f(t) 



to 



dt' f(t'] 



Let now 

Y' = || y'; L°°([T, oo)) || , Y[ = \\ (in t^y'i, L°°([T, oo)) || . (4.94) 

(Strictly speaking, we should use a bounded interval [T, 7\] with T\ large instead of 
[T, oo), check that the subsequent estimates are uniform in Ti, and take the limit 
T\ — > oo at the end. We omit that step for simplicity). From ( (4.93j ) we obtain 

to) 



y' < C a + C Y((t Ato)- 1 in t 



y[<Ca l into + C Z 2 Y'(t A to)' 1 tf + C Y 2 Y' in t 



(4.95) 
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by integration and by the use of ( 4.90|) (|4.91 ), and therefore 

Y' < C a + C Y{ T" 1 in t 

Y(<C ai + C Z 2 Y' T- 1 tf + CY 2 Y' 
which implies Y 1 < Y and Y[ < Y\ provided we take 

Y = C a , Y l = C( ai + a 3 ) 

and provided we take T and to sufficiently large so that 

t >T> Oflx/a + a 2 )in i V C a Z 2 tf/( ai + a 3 



(4.96) 



(4.97) 



(4.98) 



This shows that the conditions on (y,yi) in ( 4.75Q are preserved by T. 

We finally estimate z'-, j = 0, 1,2, by integrating (|4.86|) between to and t with 
initial condition z'j(to) < bj(£n t + tff) according to (|4.70| ). Using ( |4.75| ) and 
exponentiating the diagonal term with z\z'- to a constant under the condition 



to > T > C Z x t 



o J 



(4.99) 



we obtain 



z'j < C bj (in t + t?£ ) + C Zj f r 2 (in t + + ) z[ 



+C Y 2 (in t + + t j _f)+CY Yi 5 j2 {£n t 



We let now 



Z' 



inU + tf ) ' z'a L°°{[T, oo)) 



(4.100) 
(4.101) 



and obtain from ( |4.100| ) 



Z'j <C b 3 +C Zj Z[ T' 1 4 + CY 2 + CY Y x (ln to) 2 t Q w 
which implies Z^ < Zj, j = 0, 1, 2 provided we take 

Zj = C(bj + a 2 ) (4.102) 
and provided T and to are sufficiently large so that C|4 . 9 9|) holds and in addition 

C^/a + a 2 ) (in t ) 2 . (4.103) 



t 20 > 



We have proved that T maps 1Z into itself provided (Y, Yi, Zj, N) are chosen 
according to (|4.97j) ( |4.102|) ( |4.78| ) and provided to and T are taken sufficiently large 
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according to fl3~82p (&9%) ( p|) fl49p ( EL103| ). The latter conditions clearly take 
the form stated in the proposition. 

We next show that the map T is a contraction in TZ for a suitably time rescaled 
norm of L°°(I, X k ~ 1 ). Let (wi, Sj, B bi ) 6 7?. and let (u^, t^, = r(w i5 Sj, -B^), i = 
1, 2. As in Lemma 4.2, we define (w-,W-, Bb_) = (l/2)((it?i, si, B b i) — (w 2 , s 2 , B^)) 
and similarly for the primed quantities. Furthermore, we define 



Vi. 



Z 3- 



|W-|fc-l V 

(4.104) 

|s-f fc+i _i , j = 1,2 , n_ = |S 6 _|' A V|a;-S6_|' fc 

and similarly for the primed quantities and for B a and -B. 

From Lemma 4.2 with k' — k — 1 and from the fact that the + quantities are 
estimated by the definition ( |4.75| ) of 1Z and by ( [4.76|) , we obtain 



\B a _\ k < C Y I (y_) , 
x-B a _-H k || <CY I k _ 2 (y_) 



(4.105) 
(4.106) 



\d t y'_\ < Ey^ + Ct- 2 Y{{l + Y 2 ) Zl _ + [l + Z int + + Y 2 ){YI {y_)+n_)} 

+c r 1 -? y 2 4- 2 (y-) + c r 1 y n_ + r 2 ^_ , (4.107) 



I < %L + C r 2 { (Ydn t+ + Y 3 ) Zl _ + Yz 2 „ + [Y x in t+ + YZ £n t + + Y 3 ) 

(y i ( y _) + n_) } + c r 1 y 2 / fc _ 2 (y_) + c r 1 y n_ (4.ios) 



where B is defined by 



I I < c r 2 (Zi + 4 J + s j2 z 2 tf Zl _ 

+ C r l Y (y_ + 5 i2 + C r 1+ ^ y for j = 1, 2 ,(4.109) 

where m = (k — 2) A 0, 
n'_ < C r 1 y Jo + (Z £n * + + Y 2 ) y_ + Y (z x _ + Y I {y_) + n_) } . (4.110) 



For brevity, we continue the argument with a simplified version of the system ( |4.107|) - 
Q4.110P where we eliminate the diagonal terms and in particular E by exponenti- 
ation according to ( f4.51|) , and where we eliminate the constants and the factors 
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(Y, Y\ , Zj , N) . As a consequence we shall not be able to follow the dependence of 
the additional lower bounds of to and T on those factors. That dependence is of 
the same type as that encountered in the proof of stability of 1Z under Y. Thus we 
rewrite (|4l07|) - (pT0|) as 



W-\ < t~ 2 {zi_ + in t+ (/ (y_) + n^+r 1 -" h^y^+r 1 n_+r 2 y' 1 _ , (4.111) 

Wx_ I < t- 2 {z 2 _ + in t + {z x _ + I (y_) + n_) } + t" 1 J fc - 2 (j/-) + r 1 n_ , (4.112) 

|9 t 4_ | < r 2 (tfe_ + c^t+'V) + t" 1 (y- + 5 hyi _) + t l+ ^ I m (y~) , (4.113) 

n'_ < r 1 J + £n £+ y_ + *i_ + J (2/_) + n_) . (4.114) 
We now define 



(4.115) 



and similarly for the primed quantities. Using those definitions and omitting the — 
indices in the remaining part of the contraction proof, we obtain from ( 4.111|) - (|4.114f) 



Y - = 


y- 


;L°°([T,oo)) || , Yi_ 


= II (In £+ 


z s _ = 


II U 


?V;^°°([r,oo)) || 


, J = 1,2, 


AL =| 


1 t: 


tA^L^T, oo)) || 





< ^ 2 {^i 4 + *+ + NrH^in t + }+ r l ~^Y + r 2 t^N + r 2 £n t+Y( , 

(4.116) 

<%i < r 2 f+ + ^it+^ri t+ + Yin t + + NrH^in t + } + r 1 ^ + r 2 t p + N , 

(4.117) 



< t- 2 t% +1)fj {Z j + Z l )+ r 1 (Y + 5 j2 £n t+Y 1 )+ r 1+j/3 Y , (4.118) 
ri < r 1 [(Y + Y x )ln t+ + Z 1 t /3 + + Nr 1 4} . (4.119) 
Integrating (|4.116| )- (f4.118|) between to and t with initial condition (y', y[, z'Mto) = 0, 



using (|4.90| ) (|4.91j) and similar estimates, and omitting again some absolute con- 
stants, we obtain 

y' < (tAt )- 1 {z 1 4 + Y int Q + N(t Mq)- 1 4 int } + (tAt )-P Y 

+(t A t ) _1 $ N + (t A t y l in t Y( , (4.120) 

y[ < {tAtoY l {z 2 tf + Z l 4into + Yinto + N(tAtoY l 4into} 

+int + Y + (tAt )~ 1 t P oN , (4.121) 
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z'j < (t a to)- 1 tg tf (z,- + Zi) + y£n t+ + 5 i2 r!(£n t + f + tf y . (4.122) 

Substituting (|4.120Q - (|4.122|) and (|4.119|) into the primed analog of the definition 
( [4.115D (and with the — indices omitted), we obtain 

' Y' < T- 1 {Z 1 tg + Yin t + Nt$ + Y(£n t } + T~?Y 
Y{ < T- 1 {z 2 tf + Z X 4 + Y + Nig] + Y 



(4.123) 



Z' < T- 1 t^Zj + ZJ+Y + 5 h Y 1 t '' p {£n t 



2i3, 



[ N' <(Y + Ki) to P £n t + Z 1 + T~ l N . 

Substituting Y[ from the second inequality into the first one, we recast ( |4. 123| ) into 
the form 

' Y' < e(Y + Z 1 + Z 2 + N) 



Y{<Y + e{Z l + Z 2 + N) 
Z' j <Y + e(Y 1 + Z ± + Zj) 



(4.124) 



4 N' <Z 1 + e(Y + Yi + N) 
where e can be made arbitrarily small by taking t and T sufficiently large. We then 
define 

X = Y + Z 1 /4+(Y 1 + Z 2 + N)/8 (4.125) 
and similarly for the primed quantities. It then follows from (|4.124|) that 

X' < (l/2 + 0(e))X 

and therefore T is a contraction of TZ in the norms defined by (|4.104|) (|4.115D for T 
and t sufficiently large. By a standard compactness argument, TZ is easily shown 
to be closed for the latter norms. Therefore T has a unique fixed point in 1Z. 

The uniqueness of the solution in C(I,X k ) under the assumption (|4.37f) follows 
from Proposition 4.2, part (1). The estimates ( |4.71|) -( [4.73D follow from the defini- 
tion ( ET?5l) of K and from the choices (|497|) (gTOg) flOSD of (Y,Y 1 ,Z j ,N). The 
dependence of to and T on (u> , Sq) stated in the proposition follows from that choice 
and from the fact that the lower bounds on to and T are expressed in terms of those 
quantities, as explained above. 

Finally, the fact that w G L°°(I, H k+e ) for < 9 < 1 follows immediately from 
by substituting the estimates contained in the definition of 1Z into the RHS, 
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and integrating in time after exponentiation of the diagonal term. The crucial point 
is the fact that the contribution of the term in x ■ B a is integrable in time for 9 < 1. 



1,2, be two solutions of the system (|2.34|) ( |2.35|) with 
= (wi ,Si ) as obtained in Part (1). In particular those 



Part (2) . Let (wi, s h B H ), i 
initial conditions («>*, Sj)(io) 
solutions satisfy the estimates ( |4.71|) - (|4.73|) . We define (y~,yx 



■ ) "3- 1 



U- 



by (gTUg) 



By the same estimates as in the contraction proof, we obtain ( |4.111| )-( |4.114| ) with 
the primes omitted. We next define (YL, Y\_, Zj_, iV_) by ([4.115 ). Omitting again 
the — indices as in the contraction proof, we obtain ( f4.116| )-( [4.119| ) with the primes 
omitted. Integrating the first three equations thereof between t and t with initial 
condition (y, y x , Zj)(t ) = (y , y w , z j0 ), we obtain 

' y<y + RHS of (|4T20|) 



yi < i/io + RHS of ([imp 



k zj < z j0 + RHS of dT2p 



+ RHS of p23| 



and therefore 

( Y<y 
Y l < y 10 (£n to)- 1 

iV < 

which by the same argument as in the contraction proof, implies that X defined by 
( FT25D satisfies 

X < C (y + y 10 (in to)" 1 + z 10 + z 20 t^) . (4.126) 



fw, s, Bh) from the norm of 



This proves the continuity of the map (w , s ) ■ 

(w , s , 0) in X fe_1 on the bounded sets of X k to the norm (w, s, B b ) in C(I, X 



k-l 



m 

the norms defined by ( 4.115 ), and a fortiori to the norm of (w, s, Bb) in L°°(J, X k ^ 1 ) 
for J CC I. The last continuity follows by a standard compactness argument. 

□ 

We conclude this section by deriving asymptotic properties in time of the solu- 
tions of the auxiliary system (|2.34j) ( |2.35|) obtained in the previous proposition. We 
prove in particular the existence of asymptotic states (w + ,a + ) for those solutions. 
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Proposition 4.4. Let k > 3/2, < /3 < 1/2, T > 1, I = [T, oo) and let {w,s,B b ) G 
C(I, X k ) be a solution of the auxiliary system \2. 34\ ) &2. 33j ) satisfying (\{.3% ). Then 



(1) There exists w + G H k such that xw + G H k , w(t) tends to w + strongly in 
H k and xw(t) tends to xw + strongly in H k ' for < k! < k and weakly in H k when 
t — > oo. Furthermore the following estimates hold 



\w + \ k V \xw + \ k <a 00 = lim swp(\w(t)\ k V \xw(t)\ k ) , (4.127) 

\w{t) - U*{l/t)w+\ k V \w{t) - w + \ k < C , (4.128) 

\xw(t) - U*(l/t)xw+\ k ^ V \xw(t) - xU*(l/t)w + \ k ^ < C r w , (4.129) 

\xw(t) -xw+lk-i < C(r 2/3 + r 1/2 ) . (4.130) 



The constants C in \^.t28[ )- ^.t3(\ ) depend on || A;L°°(I) \\, where A is defined by 



Assume in addition that w G L°°(I, H k+e ) for all 6, < 6 < I, and define (W, S) 
by tfTJty . Then 

(2) For all 9, < 9 < 1, w + G H k+e and w(t) tends to w + strongly in H k+e when 

t — > oo. Furthermore xW(t) G L°°(I, H^ ^ 1 ) and xW(t) tends to xw + strongly in 
jjk+e-i w ^ en t _^ 

(3) For all j , < j < 2, S G C([l, oo), K k+ i) and S satisfies the estimate 

\S\ k+1 < C £ t^ (4.131) 

for any e > 0. 

Furthermore there exists a + such that for all 9, < 9 < 1, o~+ G K k+e , s — S 
tends to a + strongly in K k+e , and the following estimate holds : 

\s - S - a + \ k+d < C t-W-» . (4.132) 

Proof. Part (1) . Let w(t) = U{l/t)w(t) and Wq = w(t ) for some t G /. From 
( p.34| ) we obtain 

d t (w-w ) = U(l/t){r 2 Q(s + B,w)-i(2t 2 )' 1 (2B-s + B 2 )w 

+ir 1 {{x-B a ) s + x-B b )w} . (4.133) 

By estimates similar to, but simpler than, those of Lemma 4.1, we estimate 

\d t (w - w )\k < C{^ 2 ((|s| fc + \B\ k )(\w\ k+1 + \B\ k \w\ k ) + \s\ k+1 \w\ k ) 
+ [r 1 - 13 1| x ■ B a , H k+1 || + r x \x ■ B b \ k )\w\ k ) } 

< C r x - p (4.134) 
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by (p|) Q Q (p|) and ([137]), so that by integration 

\w(t) - w(t )\ k <c(tAt y p . 



(4.135) 



This implies the existence of w + G H k such that w(t) — > w + strongly in H k , and the 
first estimate of ([4.128 ). The second estimate follows from the first one and from 
the fact that 

\(U(l/t) - t)w\ k < r 1/2 M fc+ i < C t- 1/2 £n t (4.136) 

by (|Q7D , and that (3 < 1/2. 

Let similarly xw{t) = U(l/t)xw{t) and (xw)o = xw(to). From ( p.36|) we obtain 



d t {xw - (xw) ) = U{ljt)[r 2 Q{s + B, xw) - r 2 (s + B)w - it' 2 Vw 
-i(2t 2 y\2B ■ s + B 2 )xw + ir 1 ((x ■ B a ) s + x ■ B b ) xw) (4.137) 

and by similar estimates as previously 

\d t {xw - (xw) )\k-i < C\t~ 2 \w\k + (\s\ h + \B\ k J (\xw\ k + \w\ k -i 

+ \B\ k \xw\k-i) ] + t' 1 ' 213 || x ■ B a ; H k+l || \xw\ k + t~ l \x ■ B b \ k \xw\ k -i} 

< C (t- 2 £n t + r 1 ~ 2/3 ) (4.138) 



so that by integration 



\xw(t) — xw(t )\ k _i < C (t A t ) 



-20 



(4.139) 



which together with (|4.135|) implies that xw + G H k ~ 1 and that the first estimate 
of ( [4.129| ) holds. The fact that xw + G H k and that xw + satisfies (|4.127|) and the 
additional convergences of xw to xw + follow therefrom by standard compactness 
and interpolation arguments. 

The second estimate of ( |4.129|) follows from the first one and from the identity 



u*(i/t)x =(x + i rV) u*(i/t) 



which implies 



\u*(i/t)xw+ - xU*(i/t)w + \ k -! < rV+l* • 

Finally ( ^T30| ) follows from (|4T29|) and from 

\(u*(i/t) - i)xm+| fc _i < r^ 2 \xw + \ k < aoo r 1 ' 2 



(4.140) 



(4.141) 



(4.142) 
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Part (2) . The first statement follows from Part (1) by standard compactness and 
interpolation arguments. The second statement follows from the first one, and from 
Q4.140D which implies 

\U*(l/t)xw + - xW{t)\ k+e ^ < rV+lfe+fl . (4.143) 
Part (3) . We estimate in the same way as in Lemma 4.1 

d t \s\ k+j < c (Ifi^ \w\ k + c r 1+ w +£ )j (\xw\l_) ( 4 - 144 ) 

for < e < k — 3/2. The first statement and the estimate ( f4.131|) then follow from 
Part (2) and from ( |4.144| ) by integration. 

Let now q = w — W and a = s — S. From ( |2.34|) , we obtain 



d t a = r 2 s ■ Vs + r 1 Vg(q, w + W) - t~ 1 V(x • B a ) L (q, w + W) (4.145) 
and by estimates similar to those in Lemma 4.1 



a\q\k 

lfc-1; 



dM\ k+e < Ct 2 {\s\ k \s\ k+2 + \s\ 2 k+1 } + C t 1 
+C t- l+ ^al m (\xq\ 

where a is defined by ( fOP and m = (k — 2) A 0, 

• • • < c (r 2+2 ^n t + r 1 -? + r 1 -^ 1 -")) 

by ( [4.128|) ( [4.129| ), and therefore by integration 

Ht)-a(t )i k+e <C(tAt o r^ 
from which the result follows. 

□ 

Remark 4.3. In Proposition 4.4, we have stated the asymptotic properties of (w, s) 
that follow readily from the bounds on the solutions obtained in Proposition 4.3, 
expressed in terms of (W, S) defined by ( |2.40|) . However part of the results hold 



under more general assumptions. For instance if we drop the assumptions on the 
higher norms |u>|fc+i and |s| fc+2 , we still get the existence of a limit w + of w(t) with 
w + G H k and xw + G H k , with the estimate ( [4.129| ) forxw and a similar estimate 
for w. On the other hand, we could have expressed the asymptotic properties of 
(w, s) in terms of the simpler (W, S) defined by ( |2.41|) . However the convergence 
properties of w would be weaker (compare ( |4.130| ) with ( [4.129| )), thereby yielding 
weaker convergence properties of s — S in Part (3). 
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5 Cauchy problem at infinity for the auxiliary 

system 



In this section, we construct the wave operators for the auxiliary system ( 2.34|) 



( |2.35| ) in the difference form ( |2.49| ) ( |2.50| ) for infinite initial time, for the choice 
of (W, S) given by ( |2.40| ). In the same spirit as in Section 4, we first solve the 
linearized version ( |2.54| ) of the system ( |2.49| ), which together with ( |2.55| ) defines a 



map T : (q, a, B b ) —>■ (q', a', B' b ). We then show that this map is a contraction on a 
suitable set in suitable norms. 

The basic tool of this section again consists of a priori estimates for suitably 
regular solutions of the linearized system ( 2.54j) (|2.55 ). We first estimate a solution 



of that system at the level of regularity where we shall eventually solve the auxiliary 
system (|2~50|) . 



Lemma 5.1. Let k > 3/2, < (3 < 1/2, T > I, I = [T, oo). Let (W, S, 0) G 
C(I,X k+1 ) with (U(l/t)W,S,0) G C 1 (I,X k ) and let (q,a,B b ) G C(I,X k ), with 
W,xW, q,xq G L°°(I,H k ). Let I' G I be an interval, let (q',cr') be a solution of the 
system $>M ) with (q', a', 0) G C(I', X k ) and define B' b by ( \2J3j) . Let < 6 < 1 and 



k < i < k + 2. Then the following estimates hold : 

\G\ k+1 <CI (\q\ k \x(2W + q)\ k ) , (5.1) 
\\x-G;H k+1 || < \V(x-G)\ k <C I ((\xq\ k + \q\ k )(x\2W + q\ k )) , (5.2) 

\dt\q'\ k+ e\ < M 4 {9, q') + C{r 2 (\a\ h+e+1 + \a\ k+e \B\ k+e 

+\G + B b \ k+e (l + |25 + B + B # \ k+0 ) + r 1 "^ 1 "^ || x ■ G; H k+1 \\ 

+r 1 \x ■ B b \ k+0 }\W\ k+9+1 + \Ri{W, S,0)\ k+e 

= M 4 (6, q') + M 5 (6)\W\ k+e+ i + \R X (W, S, 0)\ k+e (5.3) 
where M^O, ■) is defined by the RHS of ( U-4\ ), 
\d t \xq'\ k \ < M 4 (0,xg') + M 5 (0)\xW\ k+1 

+C r 2 (\q'\ k+1 + \s + B\ k \q'\ k + \a + G + B b \ k \W\ k ) + \xR x {W, S, 0)\ k , 

(5.4) 

dtW\i < C r 2 {|s| A+1 |o-'|'^ + x{t > k + l)\s\ e \a'\ k+1 + \a\ e \S\ k+1 + |o-| fe |S'| m } 
+c r 1 (\w\ k+1 + \ g \ k ) \q\t_! + c r 1+ w-v\v(x ■ G)\ k + \R 2 (W, S)\ e , (5.5) 
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\B' b \ k+1 < C r 1 h (Mit+iG^lfc+i + Hk) + \s + B\ k |g| fc (| + \q\ k ) 

+ \a + B b + G\ k \W\t) + \R 3 (W,S,0)\ k+1 , (5.6) 



k 



\xB' b \ k+1 <Ct 1 J ((|g| fe+ i + |zg|fc)(|W| fe+1 + |xiu| fe ) + \s + B\ k (\xq\ k + \q\ 
(\W\ k + \g\ k ) + \a + B b + G\ k (\xW\ k + \W\ k )\W\ k ) + \x ■ R 3 (W, S, 0)\ k+1 . (5.7) 



Remark 5.1. The boundedness assumptions in time of W and q ensure that the 



integrals Io occurring in (|5.1|) (|5.2|) are convergent. Furthermore, by estimates sim- 
ilar to but simpler than those of Lemma 4.1, one sees easily that the norms of the 
remainders R\ and R2 that occur in ( |5.3|) ( |5.4|) (|5.5|) are finite under the assumptions 
made on (W, S). On the other hand (see Remark 4.1), the statements on B' b are non 
empty only in so far as the integrals over v in the RHS of ( |5.6|) ( |5.7| ) are convergent. 
This requires additional assumptions on the behaviour of (W, S) and of (q, a, B b ) at 
infinity in time, which will be made in due course. 



Proof. The proof is very similar to that of Lemma 4.1. The estimates ( |5.1| ) (|5.2| 
follow immediately from ( p.25| ) ( ^.28 ) and from ( |3 . 1 U[ ) with m = rh = k. 



We next estimate q' in H h+e , starting from ( 2.54|) . Let m = k + 9. We estimate 
dt || u m q' || 2 by an energy method in the same way as in (|4.9| ). The terms containing 
q' are estimated in the same way as in ( |4.9|) , thereby yielding M&(9,q'), while the 
remaining terms are estimated with the help of ( p.lOj ) with rh = m, supplemented 
by ( p.!9|) for the term containing x ■ G. Together with an elementary estimate of 
dt || q' || 2 (to which the terms containing q' make no contribution), this proves ( |5.3|) . 

We next estimate xq' in H k , starting from ( |2.56| ). The terms containing xq' 



or xW explicitly yield the first two terms in the RHS of ( |5.4|) by the special case 
6 = of the proof of ( |5.3|) , while the remaining terms are estimated by ( |3.10|) with 
m = rh = k. This proves ( ^.4| ). 

We next estimate a', starting with d t || to 0' \i- The term s ■ Vcr' is estimated 



exactly as in the proof of ( ^4.6| ). The term a ■ VS* is estimated directly by Lemma 
3.2 as 

|| oj e (a ■ VS) \\ 2 < C(||o;V|| 2 || VS' IU + || tr Hoc ||^ +1 5|| 2 ) 

< C(\a\ e \S\ k+1 + \a\ k \S\ e+1 ) . (5.8) 
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The term containing g is estimated by ( |3.10|) with (m, m) = (kA(£ — l),k\/(£—l)) 
ar(£-l,k + 1) as 



u> 



-\q{q + 2W)) \\ 2 < C\q\^ {\q\ h + \W\ k+l ) . (5.9) 



The term containing G is estimated by ( |3.20| ). Together with a simpler estimate of 
dt || Vcr' || 2, the previous estimates yield fl5.5|) . 

Finally Q |[7|) follow from ( p3oD (ggg ) (|Q8| ) and from repeated use of (|3TT0D 
with m = rh = k. 

□ 

We shall also need estimates for the difference of two solutions of the linearized 
system Q2.54] ) fl2.55| ) corresponding to two different choices of (g, a, B b ) but to the 
same choice of (W, S). Those estimates will be provided by Lemma 4.2, since for 
such solutions (g_,cx_) = and (q'_,a'_) = (w'_,s'__) in the notation of that 

Lemma extended in an obvious way. 

We now begin the study of the Cauchy problem for the auxiliary system (|2.49|) 
( ET50D and for that purpose we first study that problem for the linearized system 



( |2.54| ). For finite initial time t , that problem is solved by Proposition 4.1. The 



following is a special case of that proposition and of Lemma 5.1 

Proposition 5.1. Let k > 3/2, < (3 < 1/2, T > 1 and I = [T, oo). Let (W,S,0) G 
C(I,X k+1 ) with (U(l/t)W,S,0) G C 1 (I,X k ) and let (q,a,B b ) G C(I,X k ), with 
W } xW } q,xq G L°°(I,H k ). Let t E I and (q' ,a' ,0) G X k . Then the system $1% ) 



has a unique solution (q',o~') in I such that (q',cr',0) G C(I,X k ) and (g',o"')(to) = 
(q' ,a' ). That solution satisfies the estimates ( |5.5| j ( \5.J{ ) (\5-b\ ) for all t G /, with G 
estimated by ( pTiy ([5^). 

In order to study the Cauchy problem with infinite initial time, both for the 
linearized system (|2.54|) and for the nonlinear system Q2.49| ) (|2.5CI|) , we shall need 
stronger assumptions on the asymptotic behaviour in time of (W, S). For simplicity, 
from now on we make the final choice of (W, S) that will turn out to satisfy those 
assumptions. Thus we choose (W, S) as explained in Section 2, namely 

= U*(l/t)w + 

(2.40) = (5.10) 

fldf t'- 1 {Vg{W) - V(x • B a ) L {W)) 
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for some fixed w + G ff k + a + l with xw + G H k+a for some a > 1 (we shall eventually 
need a > 1), and we define 

a+ = |u7+| fc+a+ i V |xw + | fe+a . (5.11) 

Using the fact that 

d t + t{2t 2 )- 1 A = U*(l/t)d t U{l/t) (5.12) 
we recast the remainders that occur in the system ( |2.49| ) ( |2.5U| ) into the form 

R^W, S, 0) = r 2 Q{S + B*,W) -i{2t 2 )-\2B 1f ■ S + B 2 )W + it~\x ■ B*) S W (5.13) 

R 2 (W,S) =r 2 S- VS (5.14) 

R 3 (W,S,0) = t~ 1 F 1 (imWVW - (S + B,)\W\ 2 ) (5.15) 

where B* = B a (W) (see Section 2). 

We shall need the following estimates. 

Lemma 5.2. Let k > 3/2 and < (3 < 1/2. Let w + G H k+a+l with xw + G 
H k+ a j or gome a > L £) e ^ ne anrf a+ 6y fjj^ Then (W,S,0) G 

C([l, oo), X k+a ) and the following estimates hold 

\xW(t)\ k+a < \xw + \ k+a + t~ l \S7w + \ k+a < 2a+ , (5.16) 

|£*La+i V |V(x • S„)| fc+a < J (\xW\ k+a (\xW\ k+a + l^lfc+a)) < C a 2 + , (5.17) 

ISWj- < C 4 (in t + t^'^) for0<j<2 + a, (5.18) 

\Ri(W, S, 0)\ k+e < C(a+) [t~ 2 ln t + r 1 -^ 1 -*)) /or < < 1 , (5.19) 

S, 0) | fc < C(a+) (rtnf + r* 1 ') , (5.20) 

|i? 2 (lU,^)| fc+i < C 4rtn * (€n t + t^+i-<*)) for0<j<l + a, (5.21) 

|i23(W, 5, 0)| fc+1 V \x ■ R 3 (W, S, 0)| fc+1 <Caj r*(l + a^n t) . (5.22) 

Proof. We first estimate x ■ W. From the commutation relation ( |4.140| ), it follows 
that 

U(l/t) x W{t) = xw + + ir 1 \7w + (5.23) 

which implies (5.16). 

The estimate (5.17) follows immediately form ( |3.25| ) ( |3.28j ) ( |3.10| ) and (5.16). 
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We next estimate S. Let £ = k + j > k. From (5.10) ( p.20| ) we obtain 

II u l S || 2 < Cj'dt'lt'- 1 || u^\W\ 2 || 2 \V(x-B*)\ k+a } (5.24) 

from which (5.18) follows by ( |3.10|) , (5.16), (5.17) and integration on time, provided 
£ — l<k+l + aor equivalently j < 2 + a. 

We next estimate R\. By repeated use of ( |3.10| ) and by ( |3.19| ), we obtain from 
(5.13) 

\Ri(W,S,0)\k+e < C r 2 {\S\ k+e+1 + \B*\ k+e (l + \S\ k+e + \B.\ k+e )} \W\ k+e+ i 

+C || x ■ B*; H k+1+a || \w + \ k+e (5.25) 

and therefore by (5.17) (5.18) and with a > 1 > 9 



\Ri(W, S, 0)\ k+e < C r 2 a 3 + (in t + t^ 1+9 ~^ + a 2 + (l + £n tj) + C r 1 " 

(5.26) 

which proves (5.19) since (3 < 1/2. 

The proof of (5.20) follows from the fact that 

xR x {W, S, 0) = L xW - r 2 (S + B*)W (5.27) 

where the linear operator Lq is defined by rewriting the RHS of (5.13) as Lq W. 
The term L xW is estimated in the same way as in the proof of (5.19) with 6 = 0, 
and by using in addition (5.16), while the last term in (5.27) is estimated by using 
(5.17) (5.18) and fl3l0D . 

We next estimate i?2- By a direct application of Lemma 3.2, we obtain from 
(5.14) 



u e R 2 (WiS) || 2 < C r 2 (II S IU || uj £+1 S || a + || VS || 3 || utS 

(5.28) 
< C t~ 2 \S\ k \S\ i+1 

for £ > 1, which yields (5.22) by the use of (5.18). 

Finally the estimate (5.22) follows readily from fl3.25|) ( |3.28| ) (|3.10 ) and from 
(5.16) (5.17) (5.18). 

Remark 5.2. If one makes the simpler choice (|2.41| ) for (W, S), Lemma 5.2 and 
its proof remain essentially unchanged, the only difference being that the proof of 
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(5.19) (5.20) now requires a > 2 in order to estimate the contribution of Aw + to R\. 

We can now solve the Cauchy problem with infinite initial time for the linearized 
system ( |2.54| ) ( |2.55|) for the previous choice of (W, S). 



Proposition 5.2. Let k > 3/2, < (3 < 1/2, T > 1 and I = [T,oo). Let 
w + E H k+a+1 with xw + e H k+a for some a > 1 with (3(a + 1) > 1. Define (W, S) 
anda + by (5.10) (5.11). Let (q,a,B b ) E C{I,X k ) satisfy 

\q\k V \xq\ k < Y t^in t , (5.29) 

|g|fc+i < Y i ( r ^ n t + raP ) > ( 5 - 30 ) 



|cr| fc+j < Zj t~Hn t(int + t j(3 j for j = 0,1,2, (5.31) 

\B b \ k+1 V\x- B b \ k+1 < N r x tn t , (5.32) 

for some constants (Y, Y\, Zj, N) and for alltEl. 

Then the linearized system \2. 5J^ j ( \2.55]) has a unique solution (</, a', B' b ) G 
C(I,X k ) satisfying 

\q'\k V \xq'\ k < Y' t~ x ln t , (5.33) 

\q'\k+i<Y{(t-Hnt + t~^) , (5.34) 



\a\ k+j < Z'j rHn t [£n t + t jl3 j for j = 0,1,2, (5.35) 

\B' b \ k+1 y\x-B' b \ k+1 <N' rHnt , (5.36) 

for some constants (Y 1 , Y[, Z'p N') depending on (Y, Y\, Zj, N, a + , T) . The solution is 
actually unique in C(I, X k ) under the condition that (q f , a') tends to zero in L 2 ©if 1 
when t — » oo. 

Remark 5.3. Whereas the conditions < (3 < 1/2 and a > 1 are used in an 
essential way in the proof of Proposition 5.2, the condition f3(a + 1) > 1 has been 
imposed for convenience only, in order to obtain rather simple and optimal decay 
properties for (q',a'), and could be relaxed at the expense of a weakening of those 
properties. For given a > 1, it can be achieved by taking (3 sufficiently close to 
1/2. Its meaning is that for a given regularity of w + , one should put a sufficiently 
large part of the interaction Bi into the long range part (x ■ B a )i so as to obtain a 
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sufficiently good decay of the short range part (x ■ B a )s- 



Proof. With Proposition 5.1 available, it is sufficient to prove Proposition 5.2 
for T sufficiently large, depending possibly on (Y, Yi, Zj, N, a + ). Furthermore it 
is sufficient to solve the system ( [2.54|) for (q',a'), since B' b is given by an explicit 
formula, namely ( |2.55| ). The proof consists in showing that the solution (q' t ,cr' t ) of 
the linearized system fl2.54| ) with initial data (q' t , c^ o )(t ) = for some finite t > T, 
obtained from Proposition 5.1, satisfies the estimates (5.33)-(5.35) uniformly in to 
for T < t < to, namely with (Y', Y{, Zj) independent of to, and that when to — > oo, 
that solution converges on the compact intervals of / uniformly in suitable norms. 
Let therefore T be sufficiently large, in a sense to be made clear below. We define 



V = \q\k V \xq\ k 



Vi 



k+j 



j = 0,1,2 



and we first take T large enough so that (5.29)-(5.32) imply 

y V yi < a+ 



\B, 



b\k+l 



< at 



(5.37) 

(5.38) 
(5.39) 



Zj <a + int for j = 0, 1, 2, 
for t>T. It follows from Q Q (5.29) (5.38) that 

l^ffc+i V l V ( x • G )\k <C a + I {y) <C a + (YrHn t V a+) 

Let t Q > T and let (q' to ,cr' to ) be defined as above. We want to estimate (q' to ,cr' to ) for 
T <t<t . We define 



(5.40) 



Wt \k V \xq' to \ k 



to I k+j 



j = 0,1,2 




t(£n t)-V;^°°([r,to]) 



y[;L°°([T,to]) 



(5.41) 



(5.42) 



t~Hn t + r°< fl 

'rHn t{£n t + t ip ))~ x z'j] L°°([T, t )) 
We first estimate q' to and more precisely y' and y[, starting from (|5] 



(5.43) 
We 

estimate (W,S,BJ by (5.16)-(5.18), (a, B b ) by (5.39), x ■ B b by (5.32), G by (5.40) 
and i?i by (5.19) (5.20), with (3{a + 1) > 1. We obtain 

.2 



W\<c{( 



a 2 Jl 



+ N) r 2 lnt + a 2 + t- l - p )y' 



51 



+C (4(1 + a\) + Na + ) r 2 £n t + C a\ Y t~ 2 ~^ln t+t~ 2 y[ + C(a + )t- 2 £n t , (5.44) 

\d t y[\ < C{(a\{l + a 2 + ) + N) t' 2 tn t}y[ + C (r 2 +^ 2 - Q ) + r 1 ) a\ y' 

+C (a 3 + (l + a 2 + ) + Na+) r 2 £n t + C a\Y t~ 2 tn t + C(a+) (f 2 in t + r 1 '^) . 

(5.45) 

We integrate (5.44) (5.45) between t and t , with y'ito) = y[(to) = 0, exponentiating 
the diagonal terms to a constant for T sufficiently large depending on (a + ,N) and 
substituting (5.42) into the remaining terms. We obtain 

[ y' <C a 2 + Yr l -Hn t + CY{ [t- 2 tn t + r 1 "^) + (CNa+ + C(a+)) t~Hn t 
[ y[ < C a\{Y' + Y)t~Hn t + CNa+ + C(a+) (t~Hn t + t~ a ^) 

(5.46) 

and therefore by substituting (5.46) into (5.42) 

Y'<C a\YT-P + CY{ T~° + CNa + + C{a+) = CY{ T~° + A 

(5.47) 

Y{ < C a\{Y' + Y) + CNa + + C(a + ) = C a\ Y' + A 1 
with 9 = 1 A a(3 > (3. It follows from (5.47) that 

Y' <C a\T- e Y' + A + C T' 6 , A 1 < Ca\ Y T~ 13 + CNa + + C(a+) 

(5.48) 

Y( < C a\ T- e Y{ + C a\ A + A 1 < C a\Y + CNa + {\ + a\) + C(a+) 
for T 9 >TP> Ca\. Finally 

' Y' < C a\ T-P Y + (1 + N)C{a+) 

(5.49) 

>Y{<C a\ Y + (1 + N)C(a + ) 

for T sufficiently large depending on (Y, Y\, Zj, N, a + ). This proves that q' tQ satisfies 
the estimates (5.33) (5.34) for T < t < t . 

We next estimate a' tQ , and more precisely z'j, starting from ( |5.5| ), which we rewrite 
with the help of the definitions (5.37) (5.41) and of the estimates (5.18) (5.21) and 
(5.38)-(5.40) as 

{dtz'jl < C a 2 + r 2 {in t(zj + z' 3 ) + 5 J2 t^ 2 ~ a \ Zl + z[)} 

+C r 1 a + (y + 5 n y x ) + C r 1+ ^ a + I (y) 

+C a% r 2 in tUnt + tP {j+1 ~ a) ) (5.50) 



52 



for j = 0, 1, 2 with 5j 2 the Kronecker symbol in order to include additional terms for 
j = 2. Using (5.29)-(5.31) and (5.43), we obtain from (5.50) 

\d t Zj\ <Ca\ r 2 £n t z'j + C a\ t~ 3 £n t{in t(£n t + t jp )Zj 

+5 j2 t^~ a) {Z 1 + Z[)} + C a + r 2 {Y£n t + b n Y x {in t + t 1 ^)) 

+C a + r 2+jl3 £n tY + C a% r 2 £n t(£n t + t (3{j+1 -° l) ) . (5.51) 

We integrate (5.51) between t and t with z'At ) = 0, exponentiating the diagonal 
terms to a constant for T sufficiently large in the sense that 

T(£n T)- 1 >C a\ (5.52) 

and we substitute the result into the definition (5.43), thereby obtaining 

Z'- <Ca% (T-Hn T Zj + S h T- 1+ ^ 1 - a \Z 1 + Z[)) 

+C a + (Y + 5 j2 (T- 2 ^ + T 1 -^ 2 ^)!^) + C a 4 + 
so that for a > 1 and (3{a + 1) > 1 and under the condition (5.52) 

Z'j <C a\ T~Hn T Zj + C a + Y + C a% , for j = 0, 1 , 

Z' 2 <C a 2 + T- l £n T(Z 2 + Z x ) + C a + (Y + t^Yt) + C a% 



(5.53) 



for T sufficiently large. This proves that a' to satisfies the estimate (5.35) for T <t < 

We now prove that (q' t , a' t ) tends to a limit when t — > oo. For that purpose we 
consider two solutions (q^, a[) = (q' t ., a' t J, i — 1, 2, of the system ( |2.54| ) corresponding 



to the same choice of (q,a,Bb) and to to = t», « = 1,2, for T < t\ < t 2 . Let 
(qL, cr'_) = l/2(q[ — q' 2 , a[ — a' 2 ). For fixed (q, a, B b ), the inhomogeneous term in q' 
in the equation for q' is the same and therefore q'_ satisfies an homogeneous linear 
equation which preserves the L 2 norm, so that 

II C{t) h = II q'-(ti) h = 1/2 || q' 2 (t 1 ) \\ 2 < Y' tl x ln h (5.54) 

for T < t < t\, by (5.33) applied to q 2 at t = t\ G [T,t 2 ]. Similarly, a'_ satisfies the 
equation 

d t a'_ =r 2 {S + a) ■ Vo'_ (5.55) 
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so that by an elementary subestimate of Lemma 4.2 and by (5.18) (5.39) 

d t || V</ || 2 <C a\ r 2 (,n t || Va'_ || 2 (5.56) 

and therefore under the condition (5.52) 

II VaL(t) || 2 < C || Va'_{ti) || 2 < C Z' Q t^£n h (5.57) 

for T < t < t\ by (5.35) applied to a' 2 at t = t\. 

From (5.54) (5.57), it follows that (q' to , o~' to ) converges to a limit (q', a') E C(J, L 2 © 
i/ 1 ) uniformly on the compact subintervals of I. From the uniform estimates (5.33)- 
(5.35) and from Lemma 5.1, it then follows by a standard compactness argument 
that (</, a', 0) E C(I,X k ) and that (<?', tf"') also satisfies the estimates (5.33)-(5.35). 
Clearly (q', a') satisfies the system ( p.54[ ). This completes the existence part of the 



proof. 

The uniqueness statement follows immediately from the L 2 norm conservation 
for the difference of the q' components and from (5.55) (5.57) for the difference of 
the a' components of two solutions. 

As mentioned at the beginning of the proof, the existence and uniqueness of B' b 
follow from the fact that it is given by an explicit formula (|2.55| ) and the estimate 
(5.36) follows immediately from Q Q (5.22) (5.38) (5.39) (5.40) with 



N' = C 4(1 + a 2 + ) (5.58) 
for T large enough to ensure (5.38) (5.39). 

□ 

We now turn to the main result of this section, namely the fact that for T 
sufficiently large, depending on a + , the auxiliary system (^49|) (|2~50|) with (W, S) 



defined by (5.10) has a unique solution (q, a, B b ) defined for all £ > T and decaying 
at infinity in the sense of (5.29)-(5.32). In the same spirit as for Proposition 4.3, 
this will be done by showing that the map Y : (q, a, Bf,) — > (g', a', B' b ) defined by 
Proposition 5.2 is a contraction in suitable norms. 

Proposition 5.3. Let k > 3/2 and < (3 < 1/2. Let w + E H k+a+1 with xw+ E 
H k+a j or gome a > 1 mth p( a + i) > i. Define (W,S) and a+ by (5.10) (5.11). 
Then 

(1) There exists T = T(k, /3,a,a + ), 1 < T < oo such that the system ( \2.4Q ) 
( \2.50\ ) has a unique solution (q,a,Bb) E C(I,X k ), with I = [T, oo), satisfying the 
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estimates (5.29)-(5.32) for some constants (Y, Yi, Zj, N) depending on {k, (3, a, a + ). 
Furthermore 

\G\ k+1 V |V(x • G)\ k <C a + Y t~ l in t (5.40) = (5.59) 

where G is defined by l \2.4(\ )- The solution is actually unique in C(I,X k ) under the 
conditions that 

\xq\ k V |g| fc+1 V \a\ k+2 V \B b \ k G L°°(I) , (5.60) 
l^lfe+i v i 2/3+e (|g| fc V whent^oo (5.61) 

for some e > 0. 

(2) The map w + — > {W + q, S + a, B b ) = (w, s, B b ) is continuous on the bounded 
sets of the norm (5.11) from the norm \w + \k V for w + to the norm of 

(w,s,B b ) in L°°(J, X fc_1 ) and in the weak-* sense to L°°(J,X k ) for any interval 
J CC /. 

Proof. Part (1) . The proof consists in showing that the map T : (q, a, Bb) — > 
(q r , a', B' b ) defined by Proposition 5.2 is a contraction of a suitable set 1Z of C(I, X k ), 
with / = [T, oo), for T sufficiently large and for a suitably time rescaled norm of 
L°°(I, X k ~ 1 ). We define {y,yx,Zj) by (5.37) and we define 1Z by 

n = {(q, a, B b ) G C(I , X k ):y<Y r x tn t, Vl < Y 1 {r x in t + r afi ) , 

Zj < Zj r l in t(int + t jf3 ) , j = 0, 1, 2, \B b \ k+1 V \x ■ B b \ k+1 < N t^in t] (5.62) 

for some constants (Y, Y\, Zj, N) depending on a + , to be chosen later, and we take 
T large enough so that (5.38) (5.39) and therefore (5.40) hold for (q, a, B b ) G TZ. 

We first show that the set TZ is mapped into itself by T for suitable (Y, Y\, Zj, N) 
and sufficiently large T. Let (</, a', B' b ) = T(q, a, B b ) as defined by Proposition 5.2. 
As mentioned in the proof of that proposition, it follows from (5.6) (5.7) (5.22) 
(5.38)-(5.40) that B' b satisfies (5.36) with N' defined by (5.58) so that if we define 
iVby 

N = C a 2 + (l + a 2 + ) (5.63) 

then the condition on B b contained in (5.62) is reproduced by V. It remains to 
estimate (q',a f ). Now from the proof of Proposition 5.2, it follows that {q',c') 
satisfies the estimates (5.33) (5.34) (5.35) with (Y',Y{,Z$) satisfying (5.49) (5.53), 
for T sufficiently large depending on (Y,Yi,Zj,a+). With N given by (5.63), it 
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follows immediately from (5.49) that one can choose Y and Y% depending on a + such 
that (5.49) implies Y' <Y and Y[ < Y\ for T sufficiently large, namely T 13 > Ca\. 
Therefore the conditions on q in (5.62) are also reproduced by V for that choice. 
Finally, it follows from (5.53) that one can choose Zj, actually in the form 



Z j = Ca + Y + Ca% , j = 0,1,2 



so that (5.53) implies Zj < Zj for T sufficiently large, in fact for 
T{£n T)- 1 >Ca% , T p > Y x /Y . 



(5.64) 



(5.65) 



This completes the proof of the fact that V maps 1Z into itself for (Y, Y\, Zj, N) 
chosen as above, depending on a + , and for T sufficiently large, depending on a + . 

We next show that the map T is a contraction in 1Z for a suitably weighted norm 
of L°°(7, X k ~ l ). Let (n, B u ) G K and let {q[, a[, B' H ) = F( qi , a u B bi ), i = 1, 2. We 
define (<?±, 0±, -£?&_,_) = l/2((gx, <7i, S 61 ) ± (g 2 , cr 2 , -B& 2 )) an d similarly for the primed 
quantities. Furthermore we define 



fc-i 



1,2 , n_ 



9- fc 



V |x • ^ 



(5.66) 



and similarly for the primed quantities and for B a and B. 

We shall estimate (g_, cr_, £? 6 _) by Lemma 4.2 applied to the solutions {w[, s-, B' bi ) 
= {W + q[, S + a[, B' u ) of the system ( p. 37] ) (|2.38|) associated with (w^, Sj, B bi ) = 
(W + qi, S + Oi, Bbi). As a consequence we shall apply Lemma 4.2 with (w~, s_) = 
(g_,a_),(^,s'_) = (g^O and (w+,s+) = (W + q+, S + a+), (w' + , s' + ) = (W + 
q' + , S + <j' + ), and for that purpose we shall use the estimates (5.16) (5.18) for {W, S) 
and the fact that (gi,cri) and therefore (g+,cr + ) are not larger than (W, S) in the 
sense of (5.38) (5.39). From the first part of the proof, it follows that (q^, crQ and 
therefore (q' + ,cr' + ) and (w' + ,s' + ) satisfy the same properties. Together with (5.17) 
(5.18) (5.30) (5.63) (5.40), this implies that the available estimates on (w + , s + , B h+ ) 
and on B a , B + are 



\xw + \ k V \w + \ k+1 <Ca + 

\s + \ k+j <C a\ [int + t^f 3 ) 

\B b+ \ k+j V \x ■ B b+ \ k+j < C a\{l + a 2 + )t-Hn t 



\B+\ k+j V\V{x-B a+ )\ k <C a\ 



(5.67) 
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and that the same estimates hold for the primed quantities. 

From Lemma 4.2 with k' = k—1 and from the estimates (5.67) of the + quantities, 
we obtain (compare with (|4.105| )- (^4.110|) ) 

\B a _\ k < C a + I (y_) , (5.68) 

II x-B a _-H k || <Ca + h- 2 {y-) , (5.69) 
W-\ <E iy '_ + C r 2 a + {(1 + a\)z x _ + (1 + a\in t)(a+ I (yJ) + n_)} 

+C r 1 -? a\ I k - 2 {y-) + C r 1 a + n_ + r 2 y[_ , (5.70) 

\dty[_ \ < E x y[_ +C T 2 a+[a 2 + z x _ + z 2 ^ + (1 + a\ in t)(a+ I Q (yJ) + n_)} 

+C r 1 a 2 + I k - 2 (y-) + C r 1 a+ n_ , (5.71) 

where 

£ t = C4 {(1 + a\)r 2 tn t + r 1-/J } 
|^^_ \<CT 2 a\ (in t(zj_ + zJ.J + 5 i2 t (2 " a)/3 2i_) 

r 1 a + (y_ + 5 i2 + C r 1+ ^ a + J w (y_) forj = 1,2, (5.72) 
where m = (k — 2) V 0, 

n'_ < C a + J + a 2 + in t y^ + a + (zi_ + a + I Q (y-) + n_)| . (5.73) 

In the same way as in the proof of Proposition 4.3, we continue the argument with 
a simplified version of the system (5.70)-(5.73) where we exponentiate the diagonal 
terms and in particular E% to a constant according to ( |4.51| ) and where we eliminate 
the constants and the factors containing a + , with the consequence that we lose 
detailed control of the dependence of the lower bounds for T on a + . Thus we 
rewrite (5.70)-(5.73) as (compare with flPllD - (|OI3D ) 

|%_| < t- 2 { Zl _+£n t(/ (y-) + n_)} + t- 1 ~P 7 fc _ 2 ( 2 /_) + r 1 n_+r 2 y[_ , (5.74) 

\d t y[_\ < t' 2 {z 2 _ + in t(/ (y_) + n_)} + t~ l I k ^ 2 {yJ)+r l n_ , (5.75) 
< t- 2 {in t Zj _ + S h Zl _} +t -\y_ + 5 n yi_) + r 1+ ^ J m (j/_) , (5.76) 

n'_ < t" 1 Jo + + «i_ + Jo(y-) + n_) . (5.77) 
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We now define 

f r_= || *(€nt)-V;£°°([T,oo)) || , Y x _ = || t(int)- 1 Vl _- L°°([T, oo)) || , 

Zj _ = || ^(^^^^jL-d^oo)) || , j = 1,2 , 

N_ = || t 2 ~ p {in t)- x n-\IS°(\r, oo)) \\ 

(5.78) 

and similarly for the primed quantities. It follows from (5.29)-(5.36) that all those 
quantities are finite. Using those definitions and omitting the — indices in the 
remaining part of the contraction proof, we obtain from (5.74)-(5.77) 



(5.79) 

(5.80) 
(5.81) 
(5.82) 



|<VI < r 2 £n t [z v t- l+ " + Yr p + N r 1+ v + Y{ r 1 } , 

\d t y[\ < t- 2 £n t {Z 2 r 1+2/3 + Y + N r 1+l3 } , 

\dtzfjl < t~ 2 £n t [Zj r 1+j P in t + 5 n Z 1 r 1+ ^ a ^ + 5 j2 Y 1 + Y t j/3 } , 

n' < r 2 £n t{Y± + Y in t + Z± t 13 + N r 1+/3 } . 

Integrating (5.79)-(5.81) between t and oo with initial condition (y', y[, ^)(oo) = 
0, and substituting the result and (5.82) into the primed analog of the definition 
(5.78) (with the — indices omitted), we obtain 

' Y ' < T- l+l3 Z x +T-?Y + T" 1+/3 N + T _1 Y[ , 
Y > < T -i+2/3 z 2 + Y + T- 1+/3 N , 

Z'j < T~Hn T Zj + 6 j2 T- 1 -^-^ 13 Z x + S h T~ 2f3 Y x + Y , 
N' < T- 13 Yx + T~Hn TY + Zx + T~ l N. 



(5.83) 



Substituting Y[ from the second inequality into the first one, we recast the system 
(5.83) into the form Q4.124 ), from which the contraction property follows exactly as 
in the proof of Proposition 4.3. This proves that T has a unique fixed point in 1Z. 

The uniqueness of the solution in C(J, X k ) under the conditions (5.60) (5.61) fol- 
low from Proposition 4.2, part (2). Note that the time decay (5.60) (5.61) required 
for uniqueness is weaker than that contained in (5.29)-(5.32). 

Part (2) . Let w+i, i = 1,2, satisfy the assumptions of the proposition with 

\xw +i \ k+a V \w +i \ k+a+ i < a + (5.84) 
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and define (Wi,Si) by (5.10). Let (iVi, Si, B^) = (Wj + qi,Si + (Ji,Bu) be the 
two solutions of the system (|2.34j) (|2.35| ) obtained in Part (1). Let (W~,S-) = 
(l/2)(W / i — W 2 , S\ — S 2 ), define (w-, s_, Bf, ) as in Lemma 4.2 and define 

y- = \w-\k-i V \xw-\k-i , yi_ = \w-\k 

(5.85) 

Zj_ = |s_ , j = 1, 2, n_ = | fe V \x ■ B b _ \ k . 

We assume that to +1 — w +2 is small in the sense that 

\x(w +1 - w +2 )\k-i V \w+i - w +2 \ < r] (5.86) 

and we want to show that (u>_, s_, S 6 _) is small by estimating (y_,yi_, Zj_,n-) in 
terms of 17. We first estimate (W_, 5_). From (|4.140| ) it follows that 

|aW-|*-i V |W_| fc < 77 + rT 1 a+ < 2?7 (5.87) 

for t > a + /t]. Furthermore, in the same way as in Lemma 4.2 

\S-\ k+j ^ <Ca +V for j = 1,2 . (5.88) 

We now take to large in a sense to be specified below, and we estimate (y_,yi_ , Zj_ , n_) 
separately for t > t and for t < t . For t > t , using (5.87) (5.88) and (5.29)-(5.31), 
we obtain 

V- V yi_ <2r] + Y t~Hn t<C r] , 

(5.89) 

Zj_ <C a +r] t'P + Zj t-Hn t(£n t + t^'" 1 ^) < C a+ rj t jf3 
for to large in the sense that 

77 rj (£n t ) _1 = C{a+) > Y V ((Z x V Z 2 )a; x t^n i„) • (5.90) 

(Remember that in this proposition, Y, Z\, Z 2 are functions of a + ). Using the fact 
that for t > t , I m (f) depends only on / restricted to t > t , we obtain in addition 

n_ < C r 1 (77(1 +£nt + a + t p ) + n_) 

and therefore 

n- < C(l + a + )r] r l+p (5.91) 

for t > to- 
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We next estimate yi_, Zj_, n_) for t < t and for that purpose, we use the 
system (5.74)-(5.77) with the primes omitted, since (wi,Si,Bbi) are solutions of the 
system (|2.34j ) (|2.35|) . We choose A such that 2(3 < A < 1 (in the same way as in the 
proof of Proposition 4.2, part (2)) and we define 

f y_ = || tV;£°°(P\to]) II , Yi- = II t x L°°([T, t ]) || , 



= || t x ~ jl3 z j _;L QO ([T, t ]) || , j = 1,2 , 

AL = || t x+1 ~P n_;L°°([r,to]) || • 
Substituting those definitions into (5.74)-(5.77), using the fact that 

i m (y-) < i m (t- x Y- + c v )<c (r x y_ + v 



(5.92) 



(5.93) 



and similar relations for yi_, Zj_, n_, and omitting the — indices, we obtain 



\d t y\ <r]t 



-l-A 



{'} 



\d t yx\ ^rjt- 1 + t- 1 - x {-} 
\d t Zj\ <7] t~ 1+ ^ + t- 1 - x {-} 



(5.94) 



n_ < r] t- 1+ P + t- 1 - x {-} 
where the brackets in the RHS are the same as in (5.79)-(5.82). Integrating the first 
three inequalities of (5.94) between t and to for t < to with initial condition at to 
estimated by (5.89), and omitting again absolute constants, we obtain 

' y <r] + t- x {-} 



yi<vtn t + t- x {-} 

z,<Vt^ + t- x {-} 
n-<rj t- 1+(3 + t- 1 - x {-} 



(5.95) 



where the brackets in the RHS are the same as in (5.94). We substitute (5.95) 
into the definitions (5.92) and obtain a system similar to (5.83), with however the 
primes omitted, and with an additional term bounded by r]t x £nto in each of the 
RHS. Proceeding therefrom as in the contraction proofs of Proposition 4.3 and of 
Part (1) of this proposition, we obtain 



X <r]t x into 



(5.96) 
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where X is defined by ( |4.125|) , so that by (5.90), X tends to zero when rj tends to 
zero (actually as a power of 77). This proves the norm continuity of the map w + — > 
(w,s,Bb) from the norm \w + \k V (see (5.86)) to the norm in L°°( J, X l ) 

for compact J. The last continuity follows from a standard compactness argument. 

□ 

Remark 5.4. In part (2) of Proposition 5.3, we prove actually a stronger continuity 
than stated, namely a suitably weighted L°° continuity in the whole interval [T, 00), 
as follows from (5.89) (5.91) for t >t and (5.92) (5.96) for t <t Q defined in terms 
of 77 by (5.90). 

6 Wave operators and asymptotics for (u, A) 

In this section we complete the construction of the wave operators for the system 
( |2.6|) ( j2.7|) in the special case of vanishing asymptotic magnetic field, and we derive 
asymptotic properties of solutions in their range. The construction relies in an 
essential way on Proposition 5.3. So far we have worked with the system (|2.34|) for 
(w, s) and the first task is to reconstruct the phase <p. Corresponding to S defined 
by ( |2.40|) , we define 



j'dt't'- 1 (g(W)-(x-B a ) L {W)) (6.1) 



so that S = V0. Let now (g, a, B^) be the solution of the system ( |2.49| ) ( |2.50| ) 
obtained in Proposition 5.3 and let (w, s) = (W + q,S + a). We define if) by 
ip(oo) = and 

d t i) = (2t 2 )~ 1 \s\ 2 + r 1 {g(w) - g(W) - (x ■ B a ) L (w) + (x ■ B a ) L (W)} (6.2) 
or equivalent ly 

^ = -J t °° dt' {(2t ,2 )~ 1 |s(t')| 2 + t'~ l g(q, q + 2W) - t'-\x ■ B a ) L (q, q + 2W)} 

(6.3) 

which is taylored to ensure that = &, given the fact that S and a are gradients. 
The integral converges in H l , as follows from (5.16) (5.18), from (5.27) (5.29) and 
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from the estimate 

d t || <r || 2 < r 2 || s • Vs 1 1 2 +r x || V#(g, g + 2W) || 2 

+r x || V(x-B a )(q,q + 2W) || 2 

< r 2 || s Hoc || Vs || 2 +C t^a+iW q || 2 +/_i(|| xq || 2 ) 

< C(a+) r 2 (£n t) 2 



(6.4) 



so that 



W || 2 = || a || a < C(a + ) r 1 ^ t) 2 . (6.5) 



Finally we define <£> = (f) + t/> so that Vy? = s. 

We can now define the modified wave operators for the MS system in the form 
( |2.6| ) ( |2.7| ) in the special case of vanishing asymptotic magnetic field. We start from 
the asymptotic state u + for u and we define w + = Fu + . The asymptotic state 
(A + , A + ) for A is taken to be zero. We define (W, S) by ( |2.4(J| ). We solve the system 
( [2.49D (|2.50| ) for (g, a, Bb) by Proposition 5.3. Through ( [2.43D , this yields a solution 
(w, s, Bb) of the auxiliary system ( |2.34j ) (|2.35|) . We reconstruct the phase <p = 4> + ip 
with and defined by (6.1) (6.3). We finally substitute (w, ip, B h ) into (|2.17| ) and 



( gT|) with B = B a + B b and B a defined by (|2~28| ). This yields a solution (u, A) 



of the system ( |2.6|) ( p.7|) defined for large time. The modified wave operator is the 
map fl : u+ — > (u, A) thereby obtained. 

In order to state the regularity properties of u that follow in a natural way from 
the previous construction, we introduce appropriate function spaces. In addition to 
the operators M = M(t) and D = D{t) defined by (EHD (|2~T5|) , we introduce the 
operator 

J = J{t) = x + itV , (6.6) 

the generator of Galilei transformations. The operators M, D, J satisfy the com- 
mutation relation 

i M DV = J M D . (6.7) 
For any interval / C [1, oo) and any k > 0, we define the space 

X k (I) = [a : D*M*u G C(I,H k+1 ),D*M*xu G C(I,H k )} 

= [u :< J{t) > k+1 u and < J(t) > k xu G C(I, L 2 )} (6.8) 
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where < A >= (1 + A 2 ) 1 / 2 for any real number or self-adjoint operator A and where 
the second equality follows from (6.7). 

We now collect the information obtained for the solutions of the system (|2.6|) 
(|2.7|) in the range of the modified wave operators and state the main result of this 
paper as follows. 

Proposition 6.1. Let k > 3/2, < (5 < 1/2 and let a > 1 be such that (3{a + \) > 1. 
Let u + be such that w + = Fu + £ H k+a+l and xw + £ H k+a . Define (W, S) by flTJty 
and a + by (5.11). Then 

(1) There exists T = T(a + ), 1 < T < oo, such that the auxiliary system ( \2. 34\ ) 



(\2.3b\ ) has a unique solution (w,s,B b ) £ C(I,X k ) where I = [T, oo), satisfying 

\w-W\ k V \x(w-W)\ k < C t~ x tn t (6.9) 

\w- W\ k+ i < C{f x tn t + r aP ) (6.10) 
|s - S\ k+j < C r x tn t (in t + t j ?) for j = 0,1,2. (6.11) 
\B b \ k+1 V \x ■ B b \ k+1 < C r x in t . (6.12) 
(2) Let (ft and ip be defined by (6.1) and (6.3) with q = w — W, and let ip = (fi + ip. 

Let 

u = MDexp(-i(p)w , (2.17) = (6.13) 

A = r 1 D B (2.18) = (6.14) 

with B = B a +B b and B a defined by $2M ). Then u £ X k {I), (A, d t A) £ C(I, K k+l @ 



H k ), (u, A) solves the sytem \2.6\) Tj ) and u behaves asymptotically in time as 
MD exp(— i(f))w + in the sense that u satisfies the following estimates. 

\\< J(t) > k < \x\/t > (exp(i(/)(t,x/t))u(t) - M(t) D(t) W{t)) || 2 < C t~\ln tf , 

(6.15) 

||< J(t) > k+1 (exp(i<f>(t,x/t))u(t) - M(t) D(t) W{t)) || 2 < C (t-\ln t) 2 + r aP ) , 

(6.16) 

|| < \x\/t > (u(t) - M(t) D(t) exp(-#(t) W[t)) \\ r < C r l -^ r \ln t) 2 (6.17) 

for 2 < r < oo, with 5{r) = 3/2 — 3/r. 

Furthermore A behaves asymptotically in time as t~ 1 DoB a (W) in the sense that 
the following estimates hold 

\B - B a (W)\ k+1 V \Vx ■ (B - B a (W))\ k < C rHn t (6.18) 
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where A and B are related by (6.14). 



Proof. The proof follows from Proposition 5.3 supplemented with the reconstruc- 
tion of (p described above in this section, except for the estimates (6. 15)- (6. 17) on u. 
In particular the estimates (6.9)-(6.12) are the estimates (5.29)-(5.32) supplemented 
with (6.5), while (6.18) follows from (5.32) and (5.40). 

We next prove the estimates (6.15)-(6.17) on u. From (6.13) with (p = <j> + ip and 
from (6.7), it follows that 

|| \J\ m (exp(iD (f))u - MDW) || 2 = || uj m (exp(-i^)w - W) || 2 , (6.19) 

|| \J\ m (\x\/t)(exp(iD (f))u - MDW) || 2 = || co m \x\(exp(-i^)w - W) || 2 . (6.20) 
We next estimate for < m < k + 1 

|| co m (exp(-i^)w - W) || 2 < C || cj m (exp(-#) - 1) || ri || w \\ n 

+ C || exp(-iV) - 1 ||oo || u m w || 2 + C || uj m (w - W) || 2 
< Cexp(C || i) ||oo) || u m i) || ri || w \\ r2 +C(\\ i) ||oo \w\ m + \w- W\ m ) (6.21) 
with l/ri + l/r 2 = 1/2, r\ < oo, by Lemmas 3.2 and 3.3, and similarly for < m < k 

|| u m \x\(exp(— iip)w — W) || 2 <Cexp(C || ip ||oo) || u m ip \\ ri \\ xw || r2 

+C(||V||oc \xw\ m + \x(w-W)\ m ) . (6.22) 

Taking r\ = 6, r 2 = 3 for m = and ri = 2, r 2 = oo for m > 1, using the Sobolev 
inequality 

imioo<C(||a|| 2 || Va || 2 ) 1/2 

and using (6.9)-(6.11) yields (6.15)-(6.16). 

The estimate (6.17) follows immediately from (6.15) and from the inequality 

|| / || r = t~ 5 ^ || D*M*f \\ r < C || u 5 ^D*M*f || 2 

= c t-w || \J(t)\ s ^f || 2 
for 2 < r < oo and from a similar inequality for r = oo. 

□ 
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Remark 6.1. The leading term in the asymptotic behaviour of A is t 1 D B a (W). 
Replacing W by w + as a first approximation, one obtains 

A ~ r 1 D B a (w + ) 

and since B a (w + ) is constant in time, that term spreads by dilation by t and decays 
as t~ l in L°° norm. In the norms considered in (6.18), that term is 0(1), so that the 
remainder is smaller than the leading term by t~ l £nt. We have stated the remainder 
estimates in terms of B rather than A because they are simpler for B, since for A 
the dilation Do induces a dependence of the time decay on the order of derivation. 
In fact (6.18) is equivalent to 

|| cu m (A - r l D B a (W)) || 2 V || uj m Wx ■ (A - r l D B a (W)) || 2 

< C r m ~ 1/2 in t (6.23) 

for the relevant values of m, namely 1 < m < k + 1 for the first norm and 1 < m < k 
for the second one. 
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